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THEORY OF MOTION OF THE PLANET PLUTO.
PART T.
PLUTONTAN PERTURBATIONS OF THE FIRST ORDER
WITH RESPECT TO PERTURBING MASSES.

Sh. G. Sharaf

ABSTRACT. After the Plutonian perturbations of the first order
by the four large planets were determined, a preliminary im—
provement of Bauer's elements was performed, based on observa-
tions made between 1914 and 1951. In this report Newcomb's
method of expanding the perturbation function, the methods of
controlling the operator coefficients, and the technique for
calculating the expansion coefficients of the perturbation
function on analytic computers are outlined. Methods for deter-
mining the perturbations of the logarithm of the radius vector,
length of the orbit, length of the node and inclination, and the
constants of integration are given, as well as the perturbations
by Neptune between 1912 and 1955. A summary of the Plutonian
observations and of the normal positions is presented, as well
as a method for correcting the elements applied to Pluto and

the new Plutonian elements. The appendix contains the symbolic
expansion of the perturbation function, a table of operator
coefficients, the partial values of the operators for computing
corrections for the second term, and some errors in the expres-
sions for Newcomb's operators.

INTRODUCTION

The problem of the study of motion of the large planets is one of the 5%
basic problems in celestial mechanics.

The classical methods of celestial mechanics developed in the eighteenth
and nineteenth centuries were intended precisely for the solution of this
problem. As the result of works by Laplace, Leverrier, Newcomb, and Hill,
construction of tables of motion of the eight large planets had been funda-
mentally completed by the beginning of the nineteenth century. At present
this problem is again becoming urgent. The discovery in 1930 of the ninth
large planet of our system (Pluto) requires the construction of its analytical
theory of motion in just as accurate a form as the other large planets.

. In 1946 the Institute of Theoretical Astronomy included in its agenda the
*Numbers in the margin indicate pagination in the foreign text.




elaboration of the analytical theory of Plutonian motion. We present here the
first part of this work, the determination of the perturbations of the first
order with respect to the perturbing masses.

Before proceeding to the exposition of the theory, let us briefly consider
certain works in regard to Pluto which appeared in print after its discovery.

The Lowell Observatory reported the discovery of Pluto on 13 March 1930,
and as early as March and April of that year many astronomers had presented
various systems of its elements. The number of systems exceeded forty by 1931,
but not all works on the determination of Plutonian elements are of equal value.
Particularly noteworthy among them are the elements determined by Bower,
Nicolson and Mayall, and Zagar.

On 15 April 1930, Bower and Whipple (1930a) published Plutonian elements
which were determined from three observations in 1930 and which well satisfied
the twenty-four observations in the same year. As new observations were com-
municated, the authors corrected their elements and each time they gave an
ephemeris for the preceding years based on the improved new elements. Their
ephemerides led to the discovery on old photographic plates of observations in
1919, 1921, and 1927. On 17 June 1931, Bower and Whipple (1930b) published a
system of elements (Table 1), the eighteenth, according to their numeration
derived by improving the preceding system from the observations of 1919, 1927,
and 1930. In order partially to take into account the perturbations, the
masses of all the large planets were in this case added to the mass of the sun,
in other words, the magnitude k‘Vflﬁ-E;n::O-Ol7213628 was taken instead of the

Gaussian constant. TFrom these elements was given an ephemeris of Pluto from
1890 to 1930 and for the opposition of 1930-1931. On 28 April 1931, Bower

gave his nineteenth barycentric system of the elements (Table 1) derived

by correcting the eighteenth system from observations in the oppositions of
1914-1930. To account for the perturbations by the four large planets (Jupiter,
Saturn, Uranus, and Neptune), tables of perturbations of the rectangular co-
ordinates were computed, in which the origin of the coordinates was placed at
the center of gravity of the system; the sun (to the mass of which were added
the masses of the four inner planets: Jupiter, Saturn, Uranus, and Neptune).

Ephemerides of Pluto were computed on the basis of these elements, taking
into consideration perturbations by the four planets (numerically) which were
printed until 1935 in the Lick Observatory Bulletin, from 1935 in the Berliner
Astronomisches Jahrbuch (BJ), and from 1950 in The Nautical Almanac (NA), The
American Ephemeris, and in other astronomical annuals.

In 1951, in Astronomical Papers, Eckert, Brouwer, and Clemence published
eleven-place heliocentric coordinates of the five outer planets at 40-day
intervals for the period from 1653 to 2060. The coordinates were derived
by numerical integration on high-speed electronic computers under the direction
of Eckert, Brouwer and Clemence. In the case of Pluto the original elements
taken were those of Bower (nineteenth system).



Nicolson and Mayall in November of 1930 presented a system of elements
derived from observations in 1919, 1921, 1927, and 1930. They numerically de-
rived the perturbations by the four large planets in rectangular heliocentric
coordinates. Nicolson and Mayall printed two identical systems —- barycentric
and “heliocentric (Table 1), the values of which were very close to Bower's ele-
ments.

These elements were listed in The American Ephemeris until 1950.

On 23 November 1930, Zagar published Plutonian elements obtained
from eight observations during five oppositions (1919-1930). In order to account
for perturbations by Uranus and Neptune he compiled special tables of pertur-
bations in rectangular coordinates. As the origin of coordinates he took the
center of gravity of the sun and of the six planets: Mercury, Venus, Earth,

Mars, Jupiter, and Saturn. The published elements are in terms of the center
of the sun weighted by the masses of the six planets.

Table 1 gives the above-mentioned systems of the elements of Pluto.

TABLE 1. SYSTEMS OF ELEMENTS OF PLUTO GIVEN BY VARIOUS AUTHORS
(All elements in terms of the ecliptic and equinox of 1930.0)

Bower & Bower Nicolson & Nicolson & | Zegar (helio- |
2 Whi pple (Berycentric Moyoll (helio-| Mayall (bery- | centric ele- /
= (heliocentric  |elements XIX; centric ele- | centric ele- |ments; epoch
8 elements XVIII |moment of oscu- | pents; moment | ments; moment |and osculation,
i lation 1930 ‘of osculation | of osculation | 1930 April

September 20.0)| 1920 Jon 7.0) | 1930 Jon 7.0) | 1.0)

T |1989 Feb. 97.473 (1989 Oct. 0.0344|1989 Oct. 2031989 Nov. 6.98| Mo =274°3'15.4

w 113° 8261 113°32" 0.0 113° 1°41]3 113°52'50.6 } 113° 8" 05
52 109 21 36.9 109 21 44.2 109 21 39. 4 10921437 | 10921 38.9
i 17 857.1 17 841.6 | 17 638.4 17 838.1 | 17 650.8
a 39.59673 39.517738 39.60038 8945743 | 39.579 436
e 0.253741 0.248644 0.246086 0.248520 0.247 196
n 1472498 147283 1423833 147325530 | 14258462
P 249.1661 248.43015 219.2097 247.6968 ' 2488579

In 1935 Roure began to print his work on the analytical theory of Plutonian
motion (Roure, 1935, 1936, and 1937). He used Hill's method in the form given
to it by Andwaye. In this case the role of the Moon is played by Pluto, that
of the Sun by Neptune, and that of the Earth by the Sun. As the initial solu-
tion an intermediate orbit is taken, where eccentricity and inclination of
Pluto are set equal to zero, while in the perturbation function, moreover,
those terms are discarded which depend on eccentricity and inclination of
Neptune and on the ratio of the major semiaxes. Roure derives his solution
in rectangular coordinates presented as trigonometric series with a period of

2%
n—

-, where the coefficients will be arranged 4 powers of pﬁz~%-Tﬁ?—( “ y_
n m



Subsequently Roure, proceeding from this basic solution, sought correc-

tions for it depending on the eccentricities and inclinations of Pluto and

Neptune. Here the ratio of the major semiaxes is given a numerical value from

the very beginning. i
The final solution is sought in the form of series in powers of

eccentricities and inclinations.

To determine the perturbations by the other planets, Roure sets up equa-
tions for the perturbations of the initial coordinates, taking into consider-
ation on the right side the terms of the perturbation runction which depend on
the action of the other planets. The equations are solved by successive ap-
proximations.

Roure did not carry his work to conclusion. He derived only four inter-
mediate orbits of Pluto for the combinations of Pluto and the four outer planets,
and determined the inequalities in Plutonian motion under the effect of Neptune

which are dependent on the first degree of Plutonilan eccentricity and inclination.

In addition, Roure (1940a, 1940b, and 1940c) published three works devoted
to the determining long-period inequalities in Plutonian motion.

Thus, as is evident from the above-given survey of the literature, there
is at the present time no analytical theory of Plutonian motion; but the com-
piling of such a work is now completely justified and realistic.

This theory will give not only good elements and ephemerides for Pluto,
but also the opportunity to form a concept of the general nature and features
of Plutonian motion. The observations of Pluto embrace a period from 1914 to
the present time. The arc traveled by Pluto in this period amounts to about
50° in mean longitudé. Although this arc is small, the elements derived on
its basis will be satisfactory because Pluto moves slowly and experiences only
slight perturbations by the large planets. Therefore, in the future, after more
precisely rendering the values of the elements and mass of Pluto, it will be
possible to introduce small corrections in the perturbation tables.

The Leplace-Newcomb method, which has completely justified itself in the
construction of the theory for the large planets, has been used in the present
work as the foundation for determining perturbations in Plutonian coordinates
by Jupiter, Saturn, and Uranus.

In the expansion of the perturbation function we have retained the method
of Newcomb's operators in a form corresponding to expansion in multiple mean
anomalies (Newcomb, 1895a).

In constructing the theory of the four inner planets Newcomb used his
method of expansion of the perturbation function in eccentric anomalies
(Newcomb, 1891la and 1891b), believing that the series in eccentric anoma-
lies converged more rapidly than did those ;;, mean anomalies. The final
expansion of the perturbation function, however, was given by Newcomb in the
form of series in mean anomalies by passing from some arguments to others

4



by means of Bessel functions. Therefore the advantage of using expansions
in eccentric anomalies is lost.

In determining the secular perturbations of the four inner planets, Newcomb
utilized an expansion in mean anomalies (Newcomb, 1895b). This same
method was successfully used by B. A. Orlov (1936) for computing certain terms
of the perturbation function in his work, Application of the DeLaunay-Hill
Method to the Case of the Commensurability 3:4 (Tule).

The slight dissemination of this method is chiefly explained by the lack
of tables of numerical values of the coefficients in the operators. Compilation
of such tables (given in Appendix II) is one of the important parts of the
present work. When there are tables of operator coefficients, the work in ex-
panding the perturbation function and its derivatives may be conducted very
successfully on analytical computers.

The perturbations of Pluto by Neptune were derived by means of numerical
integration. After determining the first-order perturbations of Pluto by the
four planets it was decided to make a preliminary improvement of the elements
(Bower's elements). The improvement was made on the basis of observations from
1914 to 1951 (twenty-four normal positions in all) by Eckert's modified method
(Samoylova-Yakhontova, 1945).

The present work consists of seven chapters and appendices.

Chapter I sets forth Newcomb's method of expanding the perturbation func~
tion, methods of checking the operator coefficients, and methods of computing
the coefficients of the expansion of the perturbation function on analytical
computers.

Chapter II sets forth methods of determining perturbations of the
logarithm of the radius vector, longitude in orbit, longitude of node,

and inclination, and questions of determining the constants of integration.

Chapter IIT contains a detailed exposition of the utilization of the above-
mentioned methods for determining the perturbations of Pluto by Jupiter.

Chapters IV and V briefly give the main stages in determining the pertur-
bations of Pluto by Saturn and Uranus.

Chapter VI gives the perturbations of Pluto by Neptune from 1912 to 1955.
Chapter VII gives a summary of the observations of Pluto, a summary of

the normal positions, the method applied to Pluto for correcting the elements,
and new elements of Pluto.

The appendix contains:

1 - a symbolic expansion of the perturbation function;

II - tables of operator coefficients;

III - partial operator values for computing corrections for the second
term; and



IV - Certain errors in the expressions for Newcomb's operators.

The present work was accomplished under the general direction of Professor
M. F. Subbotin. Substantial assistance at all stages of the computations was
rendered by G. A. Petrenko and N. A. Budnikova. A. G. Mal'kova also took
part in certain computations of the perturbations by Saturn.

Use of analytical computers for forming the laborious computations was
possible due to the consultations of D. K. Kulikov and M. B. Zheleznyak.

I consider it my pleasant duty to express my deep thanks to all these
persons.



CHAPTER I
EXPANSION OF THE PERTURBATION FUNCTION

1. The Method of Newcomb's Operators

Expansion of the perturbation function in the case of circular motions of /9

the perturbing and the perturbed planet is accomplished very simply. The gen-
eral case of elliptical motion of both planets already demands special methods
of expanding the main part of the perturbation function. One of these methods
is the method of operators proposed by Newcomb in 1870. 1In his later work
(Newcomb, 1891a and 1895a) this method was developed in more detail and reduced
to tables giving the numerical values of the coefficients of the operators in the
case where the perturbation function was expanded in series of multiples of

the eccentric anomalies. The use of the method of operators in constructing
the theory of the motion of the four inner planets proved the expediency of the
operators and disclosed a number of advantages in this method over other known
methods of expanding the perturbation function.

The convenience in using eccentric
anomalies, however, is definitely less
than that of using mean anomalies, at
least in the final expressions of the
perturbations. It is obvious that con-
version to mean anomalies (by the use
of Bessel functions) after the pertur-
bations have already been obtained in
the function of the eccentric anomalies
to a considerable measure diminishes
the advantages of using eccentric anom-
alies when expanding the perturbation
function. Therefore, the final devel-
opment of the method of operators with
respect to the expansion in mean anom-
alies is an important part of the
present work. This development is of absolute importance, since Newcomb, in
his work, limits himself only to g general algebralc expression of the
operator coefficients.

But before proceeding to the determination of the coefficients, let us
briefly recall the basic ideas of the method of operators itself. 1Imn this
chapter, as in the entire work, we will use the convention of providing
magnitudesreferring to an outer planet with primes, that of considering the
outer planet the perturbed one, and that of keeping to the following notation:

M, M' - mean anomalies;

2, Q' - longitudes of the ascending nodes of the planets;
i, i' - inclinations of the planets to the ecliptic;

a, a'.- major semiaxes;



e, e' - eccentricities;
n, n' - average daily motions;
v, v' - true anomalies of the planets;
E, E' - eccentric anomalies of the planets;
r, r' - radius vectors; i0
m, m' - masses of the planets; T
N - distance of the common node of the planets from the ascending node
of the inner planmet;
N' - distance of the common node of the planets from the ascending node
of the outer planet;
J - mutual inclination;
[1, [I" - distances of the perihelia from the common node;
W, W' - longitudes of planets calculated from the common node;
L, L' - mean longitudes of planets calculated from the common node;

H - angular distance between the planets;
o — ratio of major semiaxis of the inner planet to major semiaxis of

the outer planet.

The perturbation function in the case of an effect by an outer planet on
ah inner planet has the form:

k3an~~k2ﬂz(l——~ClE§li). ¢h)
A r2
From triangle NPP' (see figure), we determine cos H

cos H= cos Wcos W + sin W sin W' cos J

or

cos H cos (W' - W) - 262 sin W' sin W.

J
If in the perturbation equation we replace cos H by W, W', 0 = sin 5 and
if we introduce instead of r and r' their logarithms p, p', we will then derive
R in the form of a function of p, p', W', W, and o

R =R(p', p, W', W, 0).

In the case of circular motion when e' = e = 0 and, consequently:
¥ p=lga, ¢’=Iga’, W=L, W=L’,
R will become RQ
R,==R(lga’, 1ga, L', L, o).

First, let us take a look at the expansion of the main part of perturba-

tion function Rg. (The second term r'cosH  may be subsequently introduced
re

by comparatively simple transformations.) Since Newcomb's method may use any

*Translators note: lg=log.



expansion of &—

in powers of the mutual inclination, the ratio of, the major semi-
0

axes, and cosines of the arcs which are divisible by the distances of the

' r
planets from the common node, then for % we will use the familiar expansion
o

3

a’'d]'=—\'a’A,cos [iL'—iL] ‘

EY

.

R
2

1

4@ N a'B;cos [(i -+ 1) L'—(i—1) L]

(2)
+* YV a’Ccos [(i +2) L'—(i—2) L]
e ,
where a'Aj, a'Bj, a'Cj. . . are the functions of the major semiaxes in ¢. If
we take into consideration Laplace's coefficients brji’ then a'A;, a'B; ... will
n—1
be represented as linear functions of (=g 2 b; :
. n
, i 1o it ;o1 3 i R A
a’'A; Ty ? (\c3 €y ) 5 e (1:5 R Y 8 )
I R T i-1 . i3\ :'}é_’s i+-4 s A2 i 16¢ 2 Ci -4
ek (9t 9 g ) e (c 16c4™ +- 36¢) o o)
63 1o i+ i3 41 i1 i-3 ., i-8) .
—55(‘56 '( 11:-0 ;'QSCIH ,'1006‘“ ",'1006‘{ i 256“ C“ ) f
23l |,/ 46 i+4 i+2 i 0= A2 id o i-6)
@sh(c'g - 36ci 22567 4 400¢], - 225¢1” -+ 36¢cy," -6 ) ,
, 1 3 g /.-l i1 15 47i-2 . o o 42y (3)
R S RN R S G R .
1
35 (-8 il i1 13 315 ¢ i-d | -2 i 2 i
¢ (cg ~Beg - Byt o it )-]-gsd (€ ¢ 10y 20ci, ¢ 10e}y” = 6"
693 10 i-5 . i-3 . i1 i+1 . i+3 L5y
—51—25 (013 e 156‘13 -750013 ",—50513 b 15513 o 613 ) [
- 3 15 7 i-1 i+1y . 35 i-2 i i+2
a'Ci=—c — 3 (c | ¢ )~———o 3cy "+ 8cy+3c )~
T g s 16 7 4y " 64 ( 9 9 9
316 o7 i3 . g i1, g il . 43y | 3460 g i-4 Q-2 - N B W
5 ¢ L =56 FSey ) e (clg 4815 15c,, + 8¢y + ¢ ) .

The problem now consists of proceeding from expansion R, to expansion

R, by representing the coefficients as functions of the major semiaxes and of



the mutual inclination, and as series in the eccentricities. For

this purpose we expand R into a series in powers of Ap@:pﬁ_ﬂgau Ap=p—lga,
fr=W—L and f=W—L | 1In turn these magnitudes are functions of the eccen-
tricities and of the eccentric or mean anomalies. Consequently, after perform-
ing the appropriate operations, we will be able to represent R in the form

that we desire. Depending on which anomalies we consider, we will derive two
different methods of expanding the perturbation function.

Let us examine the expansions over the mean anomalies:

-lga +u(el, My=lga ~ple’ +me’t e+ . . .,
p=Ilga+o(e, M)=lga--pe+pe*+pe’+ . . .,
v 13

W=L' -y (e, M)=L'+fie' +fre” + fie"+ . . .,
W=L + (e, M)=L -+ fie + fiet + fiet + .

(4)

R —

From these qualities it follows that:

R _ 3R AR _ OR
9’ adlga’’ 9 Odlga’
dR __9R R _OR

aw' oL’ ow aL
am'+m+n’—|—nR am’+m+n’+nR
(@)™ @p)™@W’)" (W)*  (d1g a’)™ (3 1g a)™(AL")™ (OL)"

In other words anv derivative to R with respect to', o, W’, W may be

replaced by the corresponding derivative with respect to log a', log a, L',
and L. /12

Let us expand R into the Taylor series. Let us consider the case e' = 0,
then Ap'=f =0, , and the symbolic expansion of R with respect to Jpand fwill

be written as:

R(ga' lga-1p, L', L - f, o)=exp (5%;Ap—{— %f)k(lga’, lga, L', L, q), (5)
where
exp(x):l—l—x%—i—%—{—l_x;.s—{—. Coey

am—}—lxR
@lga™@L)"

m n
and ( o ) (EJ R must be substituted for
dlga oL

10



We will introduce the differentiation symbols D= 9 __9 and D,:i
dlga dlga aL
Then, taking into consideration that Ry=3X%A(s, s’)expi(s’L’ -+ sL) and
aRo_ ; ’ 2l Ny
B—Z—E isA (s, s")expi(s'L’ -+ sL)

(here i:l/ ~—1), we may rewrite Expression (5) as follows:
R(lga',lga+4p, L', L+ f, c)=2 exp (D Ap+isf)A(s, s’)expi(s'L’+sL)=

=E[1—}—(DAp—}—isf)—{——Qll—(DAp—[—isf)”—{—. . .]A(s,s’)expi(s’L’-i—sL).

For Ap and | f let us substitute their expansions in Equation (4), remove
the parentheses and expand the obtained expression in powers of e; we
will then obtain:

R=N {1+ el D isfil + ¢ [ (0 D+ isfi)* o+ (D isfo)| + € [ (0 D - is£)° +

(plD+zsf1)(pZD+zsfz)+(p30+isf3)]+ .. .}A (s,8') expi(s'L’ + sL).

From the expansions of the logarithm of the radius vector and the equa-
tion of the center in powers of eccentricity and the arcs divisible by the
mean anomaly, we have for g, p, . . .and Ji» far. . . the following expressions

pr=— —;-(expiM -+ exp—iM),

1 ,
p2=T_—‘;— (exp 2iM + exp—2iM),

3 . ) 17 . .
Po== (expiM + exp—zM)—Ig—(exp 3iM +- exp—3iM),
fi=—i(expiM—exp—iM),

fo= _% i (exp 2iM—exp—2iM),

1, , . ,
f3=?l (exp zM—exp—LM)—;—z i (exp 3iM—exp—3iM)

.............. «

Sustituting these expressions in Expression (6) we will obtain
. . 1 o
R(lga’,1ga+ dp, L', L + f, °)=>:<1 -i-e {l ——D —{—s} exp iM -+

1 p_slaxp—i e[ e (L g 3 gy 5
[ 2D sJexp zM}—}e{[gD—}—( 23 8>D+2S‘f 83]exp2LM,L

(6)
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[—;— D? 4+ -;——D——sz} + [—;— D: 4+ (—%- s—%) D —l——é— s? ~——‘z— sJ exp —2iM} -+

4L .)A(s, s’)exp (s'L" 4 sL).
Newcomb called the coefficients of the different degrees of eccentricity
and the expansion, which are polynomials of index s and differentiation symbol D,
operators, and designated them by l'I";, where n is the degree of eccentricity and

n is the number of times mean anomaly M is contained in the expansion.

Then the
expansion R (lga’,lga+A4p, L', L+ f, o) may be written thus:

Rga’,p, L', W, a)=2 e"1” (s, D) A (s, s')exp i(§'L’ + sL + mM). (7)

For the case ¢’/ 0Qwe will reason as in the preceding and derive:

R(ga' + ¢, o L' +f, W, )= Be" T (s', D) expim MR (1g @, ¢, L', W, o)=

. ' A s oagr (7")
= Ee'" nZ (s, D)€" % (s, D) A (s, s") expi(s'L' + sL + m'M' + mM),
where ﬂzl (8', D) —are volvnomials of the tvme I17 (s, D), where D'= 5 lgaa’ .

Symbol D' is connected by a simple relationship with the symbol D. In

fact, because the perturbation function is a homogeneous function with respect
to a and a', the identity:

OR oR
a—+ag—==—
ada’ + da R’
takes place; hence ;.

(D' +D)R=—Ror D'=—1-D.

Substituting the value D' =—1—D in +the operators ﬂfn'. (s’, D), we
obtain polynomials of another sort distributed with respect to D,

0 L]
I, (s’, D).
The action of operators I_IZ;', (s',D)on 117 (s,D) A(s,s’) may be represented as the

action of the complex operators I17%,(s,s’,D)on A (s,s'). ™, (s,s’, D)are formed by the

term-by-term multiplication of simple operators ﬂz',:, (s’, D) and [‘[:‘n (s, D).

From Expression (2) it is evident
In fact,

for the first line we have s' =

for the second line we have s'

for the third line we have s' =

that s and s' are not independent.

3 ’

+ 13
+ 2

]
B e e
He |'."

s
+ 1, s
+ 2, s .

* e e * s e e . e & e s

12



Therefore, for each line, we form its operators dependent only on i and
D, and we call the operators applied to the first line ~(a'Ai), the operators

of the zero class ﬂ;":;l,;; the operators applied to the second line, or to czaBi,

nn'

mm's and so on,

we call the operators of the first class 1

nn'
mm’

Here M, (i, D) 1is derived from II

mm'

(i, D) 1is derived from [i"*

mm'

by i ; n,nn’

mm'

(s,s’,D) by replacing s with - 1 + 1 and s'

nn’

with 1 + 1, Waw (WD) is derived from n. (s,s’,D) by replacing s by - 1 + 2
and s' by i + 2,

Taking all these remarks into consideration the final expansion of the
main part of the perturbation function may be written as:

- % 2 1" a’Ae"e™ cos il —il - m' M’ - mM)|

A mim

mm

5‘622 n/nn"a/Bieuem’ cos I(l: 1)/,/—~ (l—l)L e m'm ,an (8)

St Al Cee™ cos |(i 1-2) L' — (i-2) L 1 m' M- mM]

mim

In order to derive the expansion of the whole perturbation function we must
take into account the effect of its second term Rl' In the case of the action

of an inner planet on an outer planet,

, cosH

R,= —

re

or

rR,— — (—’r’—)g [cos (W' — W) —c*cos (W — W) i-s*cos (W - W)] .

and for a circular orbit ,,
a'Ry=— a? (1 ——02) Ccos (L,—-—L) —a %s%cos (L'+ L).

Hence, in order to take into account the effect of the second term of
the perturbation function, it suffices to introduce the appropriate corrections
into a'A_j, a'Ay,, a'Bo, and into their derivatives. It is easy to note that

in the case of the action of an inner planet on an outer planet these correc-
tions will be:

-2 2 P _ 42
8a’'A =—ua (1-—6), ta'By=—a ",

sDa’A =27 (1—-5"), 8Da’B,=20"", (9)

i3

(s,8’, D) by replacing s by - i and s' /14



$Da’A =2, D o'’ By=—20"",
3 &
3D Da’'A =—49"", 3D _Ds*a’B,=40"",
3D Dru ‘A= — ( 2)m+1 P aDaDmg‘Za,B =1 ( 2) m4-1_—2

From Expansion (8) may easily be derived perturbation function derivatives
which ordinarily also enter into the right sides of the motion equations.

Let us rewrite Expression (8) in a somewhat different form:

adR= ——EP e'™ cos (il’ —iL + m'M' <+ mM) ]
EP’"" e"e’™ cos [(i-- 1)L — (i—=1) L - m'M - mM] | (8"
. {
EP” e cos [(i - 2) L — (i—2) L 2 m'M’ ~- mM '
.................................. ]
where
Prlllt,:rlt' - nz:ir’z'a/Ai'
P,
P ::l”m =[1" I’IIIII'N a Ci ’
then

’ 1 nn' n n’ rro . A
Da’R —QEDP e"e’™ cos |il’- il -m'M’ - mM]|

mm'

EDP'mmve"e’”' cos [(i-- 1)L - (i--1) L -- m'M’ -+ mM)|

................................

(l'D’R:. _;__2 D Pnn ezrz’ cos [tL/ — il -m'M -+ mM]

s mm'

3D, P e"e™ cos [(i A1) L — (i—1) L -+ m'M’ - mM]

aRr 1 (10)
, b . nn' /n . A7 .
2 2 P sin [iL" — iL 4- m'M’ - mM|

»,—Z——(H—I)P’ e sin[(i+ 1)L —(i—1)L +m'M + mM]

...................................

S Z zP"’;;,e”e"" sin [il"—iL -+ m'M’ -~ mM)]
/L

+2(l—1)P' e"e'™ sin [(i + 1) L' — (i—1) L + m'M -+ mM)

....................................

14



And, finally, the partial derivative with respect to time

fo?= IR dp” | OR dw’ when only the time entering through the coordinates of the

o’ dt  ow’ dt '’
perturbed planet is taken into consideration, may also be written:

1 1 . n pnn' n ' . s s rAAr
;aD,R= —2—2—(t+m)Pmm,ee sin [iL’—iL +m'M’ | mM]

+ ¥+ 1+m) P eern sin [(i4- 1)L — (i — 1) L + m' M’ 4 mM)|

The derivatives of the operators with respect to log a and to ¢, which
enter into these expressions, are, as is easily seen,

an' __rynn’ ’
DP™ , =T1" Da’A,,

snn' __ penn’ 2
Dp " =110 . Dda’u’B,

DPI =T1"" Da'A,

s mm'
rnn' __ rynn’ 2
DpP . =11 D, saB,
The derivetives with respect to log a and to o, of the coefficients of /16

expansion of the circular motion are easily derived from Expression (3)
, 1 . i
D'a’A=D"¢, — &' (D*e;"' + D'e;™") +

3 ; i -
%_?64(ch;+2 _|.< 4ch; -} ch; 2)__
chza’B,= %cszc;— %64 (Dka-;_‘ -+ ché-H) “+ ...
1y
D*Da'A;~—5(D"e;" -+ D ey ) o+ _g_ (D*egt® -i-4D" ¢; - D g ) — ..
D*D,e'a’B;=oD* ¢, — 3¢ (D" - D' ™) + . ..

5

Appendix I gives the symbolic expansion of the perturbation function for
the zero, first, and second classes.

2. Verification and Computation of the Coefficients
of the Newcomb Operators

When determining the numerical values of the coefficients of the opera-
tors, verification is of tremendous significance. It is necessary that the
verification reveal not only the computational errors, but also possible mis-
prints in the literal expressions of the coefficients given by Newcomb. Let us
consider ‘more throughly the methods of verification.

15



First verification. If in the expansion 153 by the Newcomb method, we
set e' =0 and M' = M = 0, then we will obtain: ™

o _ 1 [l’lg +e (I‘I1 + H_;) +é (HZ + T+ l'I_;) + .. ] a’A,cos i(IT'—11)

a8, 2 (12)
+a 3 [n;“ + e(n;‘+n'_‘1)+ e’(n;’+n;2+n'_22)+. . ]a’Bycos [(i4+1) IT' — (i—1) 1T}
+e'3 [n;’" +e (n’;‘ + 0%+ € (11 + 15" + n”_’2)+. . Ja’Ceos[(t+2)T—(i—2)11)
e e e e e e e e
On the other hand .
2 [1—2%(1—e cos H, + a2 (1—e)?] 2,
A
1
where
cos Hy=cos Il cos [T+ sin /T sin [T cos J.
If in the expansion-%}, for the case of circular motion (e = e' = 0), we
place M = M' = 0, we will have:
4 - .1—
L (- 2) 7T = G i [T — ill) =
™ (1 —20 cos H + oF) Z cos (i il
- E—Q—a’Ai cos (il T’ — ilT)
+ Y o2a’B, cos [(i + 1) [T — (i — 1) [1] (13)
+ Y o*a’C,cos [(i + 2) [T — (i — 2) 1]
+ ..
Let us expand'%:into a series of the same sort:
r — _.L.
% =[1—2x(1 —e)cos H, : a*(1—e)*] * - \'(G cos (i'TT—ill|. (14)

Expansion (14) may be derived from Expansion (13) by substituting o for
a(l - e) or log o + log (1 - e).

Let us express coefficients G' by G. For convenience we assume € = - log
(1 - e). Then:
G =#(lge), G o(lge—s).

We expand G' into a Taylor series in powers of
P y P

G- (1=2D Lp-Sp )0 (15)

and we expand ¢ with respect to powers of e

16



1 ., 1 .,
E:—]g(l—e) :e—{-—2—6~+-3—e o e

We substitute ¢ in Expression (6) eand, designeting the coefficients of
the different degrees of e by K, we obtain

G'=:(1 + Kie -- Kye* - ...) G
Hence
a’ Wl , " . 1 ., J— . !
G L LKero. ) —a'A;cos (ilT —ill
T z(l.Kle.K_e. ) 5 @'A;cos ( ) l
—%V(L+K¢15Kﬂh+.“Jﬂw&cm[U%J)ﬂ“—U—J)ﬂ] ! (16)
}-Z(l + Ke -+ K+ .. ) afa’C, cos [(i - 2] T — (i—2)M)
For i? we will obtain. two expansions: (12) and (16). Equating the terms
1
with the same powers of e, o2, and identical arguments of the cosines, we
derive:
1 0o .
l<, :n1+n1_11 Kl:ﬂ,] -rﬂ_l,,
2 2, 2 ’ o, 9
KQ - n2 'l'_ 1—IO i n—?’ K2 :1—122 _|L n03 1- H_QJ
K, =T 10 0, - T, K=I0° - T L 112, 42112,

The values of K may be determined by the recursion relationship proposed
by Newcomb:

”

”’Kn: _ﬂDKn—l’

where K" is the result of substituting D - 1 instead of D in K; K, = - D,

whence are also determined the remaining walues of K;

K, --D,
2K, <D + D,

6K~ —2D 1 3D* - I,
24K,~ —6D - 11D* —6D* + D', (17)

120K, = —24D + 50D° — 36D 4- 10D* — D*,
720K~ —120D + 274D% — 225D° - 85D% — 15D% +- D",
5040K; - —720D -+ 1764D* — 1624D° - 735D* — 175D° + 21D° — D",
40320K, = —5040D + 13068D% — 131320 4 6769D* —1960D° + 322D°—28D" + D,

The operators ﬂ:z, are also verified in a similar fashion:

17



iKI — ng; _I_ nm K 11 Yot n’(rl

01 01 "x 0—17

Ky~ Tlgy + g + T3, Ky Tl - T12 - T,

o

K n((:;h{' ”8;_] I.IO 1 ’ nf) 3’ K nm'l n(‘ 'x' n'oj '!'n,“:_;' '

(1%

K' is derived from the expressions for K by substituting D for - 1 - D:
Ki=1+D,
2K,=2+ 3D+ D',
6K,=6+ 11D + 6D° + D",
24K,=24 4 50D + 35D° -+ 10D° -+ D',
120K, =120 4- 274D + 225D - 85D° 4- 15D* -+ D", (18)
790K, =720 + 1764D -+ 1624D* + 736D° + 175D" -+ 210° + DY,
5040K,=5040 + 13068D 4 13132D° 4- 6769D° + 1960D" + 322D° + 280° + D,
40320K,=40320 + 109584 D + 118124 D* + 67284D° + 22449 D"
-+ 4536 D° 4 546D° -1 36 D" + D°,

.....................................

This method verifies only the coefficients of the even powers with sub-

seript i. To verify the coefficients of the odd powers of the subscripts, a
second verificetion is made.

Second verification. If in expansion fi., by the Newcomb method, we
A

set e' = 0 and M' = J, we obtain

mlN

E(H cos i (17" — 17— M) + e {Ncos [ (17 — 1) — (i — 1) M) +
I, cos [i (17 —17)~—(i—l—I)M]}—{—e?{ﬂ;cos[i(ﬂ'—ﬂ)—(i*Q)M]+
MZcos [ (77— 17) —it) + T ,cos [i (1T — 1) — (i +-2) M] + . . .)a'Ai-;-
+E(ng"cos[(z‘+1)ﬂ'—(i-—1)17—(f—1)/w]-;.
+e{ﬂ;‘cos[(i+l)ﬂ'—(i—l)ﬂ—(i~2)M]—}-

I’" cos [(z+1)17'—(i—1)n—(i+2)/w]}+ ...)Ja'B,--z

18



\}
Let us take the derivative of %1 with respect to M end set M equal to O.
Then

-r%?[iﬂg L e(i—1)IT e |- DI, j-€ (i — 2)TT, §- €4I1, -1-

oM and

(i1, .. JaAsini (77 ~17) FR[E=DT, e N el gy
Ali—3) TLEf e (i — V)L e (- )2+ . ..]cga’Bisin[(i-]- NI — (i—1)
N L

or, taking Expression (16) into consideration

o .—---—:%Ei(l N Ke | Ket | .. ) aAgsini (1T — [T) +-
Z(i —1)O b Ked K2+ .. ) Bsin [+ D)7 —({i—1)1T] 4 ...
“i Ble(—M-F L) 4 et (— 2 4 2 y) - & (— 31 — 1] -+ L (20)
L BI) i @A sind (1T - 1T) 4
Mle(—m k)€ (=2’ 2n,) e (80 — 10" -
r1'j,+3n’ja)T ...]o"'a’Bisin[(i—}-1)17——(5——1)/7]—&— e

For the case e' = 0, M' = 0, and M # 0 Fxnression (12) has the form:

NG cos [T —i (1T + v)].

Taking the derivative with respect to M and setting M equal to zero
we obtain:

1
@ o(lr) - ¥Vig’ (0%’:-4) sin (il7 - if1).
0

oM d
Since
(ﬁ‘i) =1} 2e-} ie2+3e”+
OM/ 10 2
and
G'=|1 +K16+Kze"-' + ...}4a,
then

/1
o —
a———glﬁ) =L Wi (1 Ko+ Kee il Agsin (T —1T) =

19



Y(iEi—-D(1+Ke+ Kyet 4+ ...)s%a'B;sin [ + 1) IT"— (i — 1) [1]4-

-}?\1i[2e—i— (—2— i 2K1)e'~’ 1 (3+ —Z“K‘ + 2K2) e .. .]a’Aisini(ﬂ’— )+

and
. 5 1o\ (21)
+ 361 2o (G 2K er +
(345Kt 2Ke) e . |e@Bsin |+ 1) T = (= D 1+
Setting the coefficients of the identical powers of e, o, and of the /20

identical arguments of the sines in Expressions (20) and (21) we obtain
iH - 20~ —T1} -+ 1T, (i—1)H=—11 1",
iH,=i (-i— +- 2z<1) QT2 2T, (i — 1) Hy= —2T1.% -+ 2112,

iH == — 3T — I1-- TP 4+ 311, (i—1) H,--—300," — 1" 4 17, -1 81177,

iH, -k — (k= )T, —. .. - (R—2)T1%, -+ k1Y,

Substituting corresponding values of K in H we obtain

H,=2
9Hy=5—4D,
9H,=6—7D + 2D?,
94H,=81—118D + 54D —8D%,
94H,=90— 149D - 88D*—22D5 + 2D,
940H, = 575— 1791D - 1240D* — 410D* + 65D* — 4D,
240H, =3150—6226D ~+ 4853D°% — 19200% -+ 410D° — 45D° + 2%,
40320H, — 187425 — 3952320 - 336854 D% — 151984D° -+ 39410D% — 5908 + 476D¢— 16,

.....................................

The operators pertaining to the outer planet are also verified in a simi-
lar fashion. The values of H' are derived from H by substituting D for - 1 - D,

Here
iH =nall)" + (n— 1T 4 ... —(n—1) ngf(”_2) —nlly"
and

H =2,
2H,~9 + 4D,

20



2H,=15+ 11D + 2D?,

24H, =261 + 250D + 78D + 8D°,
24H;=351 + 399D -+ 166D’ + 300° 4- 2D*,

240H=4485 - 5781D -+ 29000 + 710D° + 85D"  4D°,
720H,= 16605 -+ 235680 - 13553D° --'4050 D° + 665D* + 57D° - 20°
40320H,=1117305 -+ 17150400 + 10958220 + 378784D° 4- 76650D° -+ 9100D° +

+ 588D°% +16D7,

Verification of Complex Operators. We have
n n
K=T"4- T, ,+ ... 107,

K =T 4+ T80+ ... 110,

If we multiply thesé two equalities we obtain

KK, I, wvhere m=-n, n—2, ... —n, m'=n’,
mm'
r 2
KK ~—D—D,

2K Kk, =—2D—3D"—D?,
6K K, =—6D—11D"—6D°—D*,
24K,K; = —24D—50D°—350°—10D"—~D°,
120K K, = —120D—2741* —225D° -85 D*—15D°— D°

720K, Ky~ —720D — 17640 —1624D°— 735 D* —175D°—21D°— D,

................

2K,K, = —D + D°,

4K, Ky = —2D—D* -2D° + D*,
12K,K,=—6D—5D" 4-5D° 4-5D" |- D*,
48K, K = —24D—26D° +- 15D° +- 25D" + 9D -4- D°,

240K,K, = —120D— 154D + 490°  140D* + 70D° + 1aD° + D',

..............................

6K,K, == —2D - D* 4-2D°—D*,
12K,K, = —4D - 8D*—~D°,
36K Ky=—12D—4D" + 150° + 5D'—30°—D°

n'—2, .

...............

144K,K, = —48D—28D" + 56 D° 4 35D~ 7D°—7D°— D',

..........................

- —n.
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74K,K, = —6D +5D° +:D*—5D" -+ D?,

48K Ky = —12D -+ 4D* + 15D°—5D" + D°,

144K,K,= —36D + 49D°—6D'—14D° -+ D',
120K,K. = —24D + 960° 4 150°—24D)* |- 9D°—D°,
240K K= —48D - 280" - 91D°—35D°~7L° + TD°—D'

7

720K, K; = —120D - 154D° - 1~491)3 140D* 4- 70D°— 141)6

Third Verification. If we replace D in the complex operators 11:;,0) by

- 1 ~ D, then we obtain Fﬂ:;(—iL which in turn equals nf:u_m(ﬂ-\

These verifications completely guarantee the correctness of the coeffi-
cients of the operators.

In Newcomb's method the expansion of the perturbation function is reduced
to computing the operators. When we must have individual terms of the expansion
for any single particular case, we may take advantage of methods developed for
numerical determination of tne coefficients of the expansion, e.g., Innes's
tables. 1In our case where it was necessary to compute operators for several
expansions of the perturbation function (Pluto-Jupiter, Pluto-Saturn, etc),
it was decided to compile a table of numerical values of the operator coeffi-
clents for the expansion jn mean anomalies resembling the table given by
Newcomb for expansion in eccentric anomalies.

The coefficients in the simple operators were derived from expressions
given by Newcomb.¥*

The coefficients of the complex operators were determined by multiplying
the corresponding coefficients of the simple operators. Verification of the
simple operators was accomplished by the first and second method. Verification
of the complex operators was accomplished by Formulas (22); moreover, in the com-
plex operators one of the lines was computed directly from Newcomb's formulas.
Thus we successfully avoided the cumbersome third verification. Tgbles
of the operator coefficients were obtained as follows:

Z; for the values i=from~7 to+ 7,
2n + n' = from O to + 7,
2m + m' = from O to + 7;
Jz'for the values i = from ~ 5 to + 5,
2n + n' = from 0 to + 5,
2m + m' = from -~ 5 to + 5;

*In Appendix IV the correct values of the algebraic expressions of several
Newcomb operators are given.
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H;Z: for the wvalues i = from - 3 to + 3,

2n + n' from - 3 to + 3,
2m + m' = from O to + 3.

3. Cowmputing the Derivatives of Laplace Coefficients

The values a'Aj, a'B;, a'Cj, .... and their derivatives with respect to

i
. . . i

log a, which are linear functions of the Laplace coefficients bn or, more

n-1

L Te g . . . . ,
accurately, of the values qf=a2 b;, and, respectively, their derivatives with

respect to log o, enter into the expansion of the perturbation function. The

Laplace coefficients, and consequently cé may easily be derived from the tables

of Brown and Brouwer (1932). These tables with the argument pazzTgfzg give

the values of log(?i connected to b% by the relationship
2

or, since we need c;,

{1 — )

To determine the derivatives of the Laplace coefficients there are several
methods, two of which, those of Newcomb (1880) and of Innes (1909), are the
most interesting. Practical comparison of the two methods has shown the clear
advantage of Innes' method, especially for large values of a. Here there is
no need to occupy ourselves with the detailed deduction of the corresponding
formulas. Therefore we shall limit ourselves to adducing a system of formulas
which gives all the necessary derivatives and their verification.

The Brown and Brouwer tables will give the values of c;. To determine

the first derivative we have two formulas, one of which serves as the veri-
fication:

i .

i i V i cli—H
Dé'=ict 5 (1 -+ 2i)p{c‘—T}, (23)

where L2

and

(23)
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For the second derivative we have formula:
2y p
(D —i ) c,=p [2[)01 -+ clJ .
We successively take the derivatives with respect to log a, noting that

Dp = 2p(1 + p), and derive (for brevity we omit c%):

D(D*—it)=p [4D* + 5D + 2 (1—)],
D (D*—i?)=p [6D° + 13D2 + (12—4i2) D + 4 (1—i?)],
D* (D2—i?)=p [8D" ++ 25D% + (38—6i2) D* 4 (28—12:%) D + 8 (1—i%)],
D*(D*—i¥)=p [10D% -- 41D* + (88—8i2) D* + (104—24i2) D? + (64—32i%) D +
16 (1—i%)],
D {D:—i?)=p [12D° + 61 D* + (170—10i2) D* + (280—40i2) D* |-
(272—80i2)D? + (144—80i2) D + 32 (1—i2)],
D (D:—i2) = p [14D7 +- 85D° -+ (292—12i2) D5 + (620—60i2) D -i-
(832—160i2) D* -+ (688—240i2) D + (320—192i%) D + 64 (1—i)],
D7 (D*—i2)==p [16D% + 113D" + (462— 14i?) D 4 (1204—84i2) D5 +
(2072—280i%) D* -+ (2352—560i2) D* + (1696—672i%) D? +-
(704—448i%) D + 128 (1—i%)],
D* (D*—i?)=p [18D" + 145D° +.(688—16i%) D' + (2128—112i%) D° +
(4480 —448i2) D* -I- (6496—1120i%) D* + (6400— 1792i%) D? -

24
(4096—1792i%) D + (1536—10244%) D + 256 (1 —i2)], 6
D" (D*—i)=p [20D'9 +- 181" + (978-—187%) D® -+ (3504 —144i*) D" +
(8736—672i2) D¢ + (15456 —2016i2) D* + (19392—4032i%) D* - /24 & 25

(16896 —5376i%) D* + (9728—4608i2) D? + (3328—2304i2) D +
512 (1—i2)],

DDy =p [22D" 4- 221 D' + (1340—20i2) D? -+ (5460—180i2) D® +
(15744—960:%) D" -+ (32928 — 3360i2) D° +- (50304 — 8064i2) D° -
(55680—13440i*) D* 4 (43520—15360i%) D? -+
(22784—11520i2) D? 4 (7168—5120i2) D + 1024 (1 —i?),

D' (Di—i2)=p [24D 4 265D + (1782—92i2) D'0 -+ (8140—220i%) D? +
(26664 —1320:2) D - (64416 —5280i2) D7 + (116160—14784i2) DS +
(156288 —29568:%) D* - (154880 —42240i2) D* -+
(109824 —42240i%) D? + (52736—28160i2) D* +

(15360— 11264i%) D -+ 2048 (1—i2)], o
D (D-=i¥) +p |26D" - 31301 - (2312—241%) D', (11704--2648%) D™ -,

(42944 1760i2) D' - (117744—T79208%) D¥ -

(244992 — 25344i%) D - (388608—59136:%) D"

(467456 101376i%) D7 - (419584—126720i%) D* -

(979384 —112640i%) D¥ -, (120832 67584i%) D* -
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(32768 --24576i%) D -; 4096 (1—i%)],

D' (D*—i?)==p[28D" ;- 365D" ; (2038—26:*)D' - (16328 —312i) D'
(66352--2288i%) D' - (203632—-11440i%) D" ;-
(480480—41184i%) D¥ ;- (878592 —1098241%) D -

(1244672 —219648i2) L - (1354496 —329472i%) D -
(1111552--366080%) D - (665600--292864i*) D* -
(274432—159744i2) D* + (69632—53248*) D - 8192 (1—%)],

DV (D*—i?)=p [30D' -+ 421D -- (3668—28i%) D' -i- (22204 —364i%) D'* -
(99008—2912:%) D' ;- (336336 —16016i%) D' - -
(887744—640647%) D° - (1839552--192192:*) D® -i-

(3001856 —439296%) D7 +- (3843840—768768i%) D -i-
(3820544—1025024i%) D* -+

(2888704 — 1025024i%) D* -;- (1605632-745472i2) D? -i-

(618496 — 372736:2) D? -+ (147456 — 114688i%) D -1 16384 (1 — )],

D' (D*—i?) ~p [32D'" -} 481D ~- (4510—30:%) D' -+ (29540—420i%) D'* +-
(143416—3640i%) D*2 ;- (534352—218404%) D' -
(1560416—96096i) D' — (3615040—320320%) D* --
(6680960 —823680i2) D* -- (9847552—1647360%) D -
(11508224—2562560i%) D° -+ (10529792—3075072i%) D -
(7383040—2795520%) D* -i- (3829760—1863680i%) D¥ -
(1384448 —-860160i%) D* +- (31'1296--245760i2 ) D +32768 (1—i)],

D' (D*—i?)--p [34D'7 -t 545D - (5472 —32i%) D' +- (38560—480i%) D' -+
(202496 - 4480i2 ) D' - (821184—29120%) D' -+
(2629120—139776i2) D' - (6735872—512512i2) D0 - -
(13911040 1464320i%) D° |- (23209472 —3294720i%) DS - -
(31203328 —5857280i%) D* + (33546240 --8200192%) DS -~
(28442624 —8945664i%) D* - (18595840—7454720i%) D* -+-
(9043968 —4587520i%) D? - (3080192—19660802) D* -
(655360—524288i*) D -+ 65536 (1—i%)],

D' (D?—i?) =p [36D7% - 613D -i- (6562—34i%) D' +- (49504 —544i%) D13 -
(279616 —5440i%) D' - (1226176—38080i%) D' +
(4271488—198016) D' + (11994112—792064:%) D" -i-
(27382784—2489344i%) D' -+ (51031552—62233604%) D° -
(77622272—124467204%) D® + (95952896—19914752i%) D* +
(95535104 —25346048:%) D' - - (75481088 —25346048:%) D -,
(46235648 —19496960i%) D* -i- (21168128 —11141120i%) D* ;
(6815744 —4456448:%) D* -+ (1376256 —1114112i%) D -
131072 (1—2)],

D¥(DP—E)=p [38D™ - 685D 1 (7788~364%) D' -+- (62628—612i%) D's -;-
(378624 —6528:%) D'* (- (1785408 —48960i2) D'* .-




(6723840—274176i%) D' - (20537088 —1188096i* ) D*2 - -
(51371008 —40734724%) D'* - (105797120—11202048:%) D -
(179685376 —24893440i2) D* -+ (251197440—44808192i%) D ;-
(287440896 —65185552i2) D7 + (266551296—760381443%) D° -;
(197197824—701890563%) D® - (113639424 —50135040i%)D* -
(49152000 —26738688i%) D? -i- (15007744 — 10027008:2) D* -
(2883584 —2359296i% ) D -+ 262144 (1—i2)].

We use these formulas only to determine Dmcg and Dmci, for the verifi-

cation of which serve the relationships:

Dc%--aDc!,
(D—1) De)=a D'},
1D g 31
(D—1)’Dc) =aD’ 25)

(D—1)"De)=aD™ ¢!,

0

1° and Dlcl

1» are determined, we may also find

After all values Dci, D¢

the remaining values Dmci, from the recursion formula:

D™= D" {[D* + D—i (i -+ 1)] (—[D—(i+ 1) (i +2)] AN (26)

To determine Dmc; when n > 1 we have the following two recursion formu-

las, one of which may be used for verification:

m i m 2, ., n—1 ._A_.ll—‘,—l i
2D céi&::l) [[) 'T‘[)——(l-f’ 5 )(L F )Jcn,

(26")

T L e [

Thus all the stages of the computations are verified and there is no

need to conduct computations at second hand.

4., TUse of Analytic Computers for Expanding the
Perturbation Function and Its Derivatives

Expansion of the perturbation function is one of the most laborious parts
of the work in constructing analytical theories of planetary motions. Analyti-
cal computers can render great aid in performing the cowputational part of this

work. Of particularly great effect is the use of these computing means for
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expanding the perturbation function by Newcomb's method. The formulas giving
the coefficients of expansions in this case are such that they require no
special conversion for the computer. The mass nature of the homogeneous
operations make possible productive utilization of the analytical computer and
comparatively rapid obtainment of the necessary results.

Let us recall the form of expansion of the perturbation function and its
derivatives:

@’ R-= Y P ”e'"'cos[(z kYL —(i—k) L -+ m' M’ |- mM], )

a’DR=-N, DP®"" ‘e cos [(i 1 k) L —(i—k) L 4 m' M ++mM],
@’D.R =N DPYT ‘"™ cos [(i + k) L' —(i—k) L -\- m' M’ -+ mM|,

o mm

@ BN (i 4 k) PR "e"e™ sin [(i + k) L'—(i—k) L - m' M’ - mM], t )
a’%:)‘]—(_u— k) PO e sin (i - k) L' —(i—k)L +m'M +mM]},

—IT(LID;R»”\‘.——(L' kL) P e sin[(i 5 k) L —(i—k) L+ m' M- mM],
n D

mm'

where k is the number of the operator class, and

W D'R - —a’'R—a’ DR.
The work falls into several stages.

nn’ i’ on’
1. Computation of PWT  DPW p pwTT

mnt’

2. Computation of the expansion coefficients @'R, a’'DR, a’'DR
cos [(i--RYL —(i—R)L-i-m'M - mM].

3. Computation of expan51on coefficients @’ OR,, a’oﬁ, —1— a’D;R with
sin |({-- k)L —(i—k) L 1- ' M - mMj. oL oL’ n
4.

Transfer from expansions with respect to arguments [(i - k)L —(i—k)L
m'M + mM)]- to expansions over the arguments (J'M" - jM).

We will pause separately on each stage.
1. As was shown in Section 1 of this chapter:

P""'iﬂ""',a’A.:poa’A.—%ija.’Ai+ - pn+"’Dn+n'a,A )

P/Z:lm n/ o m'C I'IB pOU a Bl T e v ‘I’“ P:x+,,'D"+"'cza'B,- ’
DP”" ,mn"" Da’A :poDa’Ai,{ﬂ_ .

mm'’

Dn+n +1 /A
DP =TT Ds*a’B,= p;Ds”a’Bﬁ— o Py PR,

n-’-n
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- D™ =M .Da'A=pDa' A4 ...+ p, D" DaA,

s mm'
nn' nin' 2 s . 2 s ' ’ n+n' 2,
ppr =T Dea'B, -pDsa’B,-+-...4-p,, D7 Dea’B,,
)’ DP(,\-ym’ ynn’ .
To compute FPam » mm' and D.P.° ., we need tables of operator coeffi-

cients PO, Pyooo. and tables of the derivatives of the expansion coefficients
of circular motion D'a’4,, D'D.a’A,;, D'*a’B,, D'D s*a'B, . ..

Tables of coefficients of operators for various values of subscript i
have been computed and are given in Appendix II of the present work. The tables
of values of expansion coefficient derivatives for circular motion were pre-~
viously computed by hand for each combination of planets individually from
Formulas (11) with an accuracy for the given specific problem. With such
initial tables we may proceed to creating the basic blocks. 27

The block of coefficients of operators 01 are punched according to the

following pattern:

0
2 ‘\Il = )
gl | ol =
E_Tlelolo| T I 11 1 v % VI VII VIl
g R = oy
LI TPEEL
§ ! First | Second |Third |Fourth |Fifth |[Sixth |Seventh|Eighth
© o . . ’ Column Column |Column | Colvmn |Column |Column |Column |Column
HR NN NNE Free Coeffi-|Coeffi-|Coeffi-| Coeffi-|Coeffi-|Coeffi- Coeffi-
T Q:é? = 1 SR Term cient |cient |cient |cient ([cient [cient [cient
8| & with D (with D2|with D3|with D4 with DSlwith D6 with D7
o i Po P P2 P3 | Pa Ps Ps Pz
[ i
o
=

We form the block of factors M; on the following model:

M,

1113 15 II 111 v

41 D'a’ A; pitla 4, D'Da’ 4;

(Wo. of D's:a’'B; | D''sa’B; | D'D g’ B;
Operator P - . .

On the basis of the block of coefficients of operators 0; we form the block of

products 0y. For this we take eight copies of block O1 on the reproducer, in

28



which the data of columns 1 through 14 remain unchanged, while in column 15 we

punch the number of the copy and into field I we transfer fields I, II ..., and
VIII, according to each copy.

0,
Bl Py =y
—~|itemlol] _|' IR CER! II 111 v \Y VI VII
o ™~ i : 2
't o
8 —
E i
2 = 2 = {1pe Dla’Ai DH'la’A,- DlDaa’Al p,Dlu’Ai plDH“a’A‘- p,D'Da’'A;
e R e N R e R R : , : u
i : i = 14 ~ | |p D’a2a’B, Ditlsg’ B, D’Dco2a’B,~ plD’oﬂa’Bi p,DH“c?a’B,-p,DlDaa-'a B;
XL e IR IR ERCRCHCRRIEE BRI R

We sort blocks 02 and M; together with respect to i (column 13), L + 1, k

and transfer field II, IIT, and IV on the reproducer from block Ml to block 02.

After this we pass 0, through the multiplier three times to get the multi-
plications

IXII =V,
I X III = VI,
IXIV = VII

and we punch the products in fields V, VI, and VII.

We sort the block of products obtained with respect to subscripts i, 28

operator number, k and pass them through the tabulator to sum fields V, VI,

and VII, with respect to 1i.

., A A nn' gynn’ (i) e’
The tabulogram will contain the corresponding values Pg;,, l)P;;, , DP
2,

We proceed to the second stage of the computations.

an' an' nn'
We punch the derived values of P¥ " pp¥ '™ D p® " gccording to the

pattern adjoined. Let us designate this block by 03.

0
o |
~TleteleTITITIT] 1 1 111 v s VI vl -
o~ Sl =R
R U e O I _ e
S
] i e
N ® N nn' (yan' nn' ' . nn' , Ry’ R Yan'
x <§J “fe|HiE[e ; ~| PO A pp® T D pET| et ™ | ngrn pWE gngrn p p B gt p p T
o=
o
18
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We will compile the block of eccentricities M, on the model:

nrn’

n-n’ e’e

We jointly sort blocks 03 and M2 with respect to mn and n' and transfer

values 1 from block M, to 03.

We pass O3 through the multiplier three times for the multiplication:

IXIV=V,
II X IV = VI,
III X IV = VII,

and we punch the result in fields V, VI, and VII.

We sort the 03 with respect to i, m', m, and k and pass fields V, VI, and

VII through the tabulator for summation with respect to i. Using the over-
throw from one counter to the next, we simultaneously derive LV, E—(V -1 VI), ZV]

on the tabulogram.
Thus the tabulogram will give us expansion coefficient a'R, a'D'R, A'DGR,
with cos [(i + K)L' - (i - K)L + m'M' + mM].
a0 1 i r
3. In order to derive a'é%é, /75?, ;;CZL%R, we must manually finish

computing on the tabulogram the values i + k, - i +k, i +m' +k, - i +m + k
(minor computations not significant enough to be conducted on, the computers),
and we must punch the data from the tabulogram according to the pattern:

04

| e e
1 2—3 4——5| 6—38 ’ 9—11 ‘12—13t I ' II III J v l A I VI

dR JdR |1
kit k|—ithlitm +ki—i+m+k i a'R a'D'R aD,R | a L a’—gL— ;a’D’,R

We pass the derived block 04 through the multiplier for the multipli-

cation:
IX (i+ k)
IX (-1i+

k
IX@E+nm' +
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The signs of fields IV, V, and VI depend on the combinations of signs
of the factors, and it is to be remembered that the sine must be reversed,
as is evident from formula (*). Thus, fields IV, V, and VI will give the

expansion coefficients a’ 9R_ a’a—R —IT(I'D;R! with respect to sin

aL"”’ oL ' n
[(i + KL' - (i - k)1 + n'M" + mM].

4, Let us pass from expansions with respect to argument
[+ KL' - (i - K)L + m'M" + mM] to expansion over the argument (j'M' + jM).

The common term of the expansions a'R, a'D'R, A'DgR has the form:
Hecos [(i + k4 m') M —(i—k—m) M + (i k) II'—(i—k) ],

and if we proceed to expand over the argument (j'M' = jM), then the common
term will become:

Hcos [(i-+k) [T—(i—k) [T cos |(i--kh-Fm') M'—(i—k—m) M|—
Hsin [(i + kY [T'—(i--k) 1] sin [(i ~k+m'y M'—(i—k—m) M].

Similarly, for a’ —aB—, a’—a—‘l—?——, 1—, a'D;R we have
oL’ oL n
H sin[(i + k4 m’) M'—(i—k—m) M+ (i--k) [T'—(i—k) [1] =
H' sin [(i - k) [T'—(i—k) T} cos [(i+ k+m’) M'—(i—k—m) M] -~
H’ cos [(i + k) [T'—(i—k) 11] sin [(i + & -t m') M —(i—k—m) M].

Taking these formulas into consideration let us create a tabular block

M3 consisting of =+ :;2 [(i +k) [T"—(i—Fk) /1] after the pattern:

|23 l 4-5 \ 14 \ 15 ‘ v
| R B -
1 1 sin . ’ .
i+ k| —i+k o;‘ o;‘ * cos [(6+k) T'—(i—k) T}

In column 14 we nunch 1 or 2 depending on whether it is a matter of

. 0 , 0
expansion w IR g R ]

oL L’ W a’D;R or a'R, a’D’'R, a’DRR.

In column 15 we punch 1 or 2 depending on whether the final expansion
will be obtained with respect to sin (j'M' + jM) or cos (§'M' + jM).

Depending on the combinations of punches in column 14 and 15 there will
be in field IV either = sin [{{ -~ &) [T'—(i—k) [T} or + cos [(i—+ k) IT'—(i—r) II].
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We make four copies of block 04 on the reproducer and form block O0g. 1Into

the first and second copies we transfer

1—12—»>1—12
I - 1
II - 1II
I — I
We punch in column 14 from constant pulse 2, in column 15 in the first copy /30

1, in the second copy 2.

Into the third and fourth copies we transfer

1—12 = 1—-12
IV - [
V - I
VI — .

We punch in column 14 from constant pulse 1, in column 15 in the third copy
1 , in the fourth copy 2.

We will designate the block obtained by Os.

We sort jointly Os and M3, with respect to - 1 + k, i + k, and columns 14 and
15 from block M3, we enter field IV = IV into block 05 and pass it three times
through the multiplier for multiplication. As a result we obtain fields V, VI,
and VII

IXIV=V,
II X IV = VI,
III X IV = VII.

We pass O5 through the tabulator and sum fields V, VI, and VII with

respect to i + m' + k. The tabulogram will give the expansions: (a) if in
column 14 there is a 2, and in column 15 there is a 1 and 2, a'R, a'D'R, A'D4R,
respectively, with respect to sin (j'M' + jM) and cos (§j'M' + jM); (b) if in
. . . . , OR ;OR 1,
column 14 there is a 1, while in 15 there is a 1 and 2 a-;zn a L al)”%
[ n
respectively, with respect to sin (§'M' + jM) and cos (j'M' + jM).

Thus the work on expanding the perturbation function will have been
accomplished.

For verification all the operations are to be conducted twice, shifting
the column but using different calculators, and, if possible, different
combinations of computers.
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CHAPTER II
PERTURBATIONS OF COORDINATES

5. Perturbations of the Logarithms of the Radius
Vector and Longitude in Orbit

When determining perturbations of the logarithms of the radius vector and
longitude in orbit we adhere to the method of Laplace with the appropriete changes
introduced into this method by Newcomb (1873).

Let us consider briefly' the derivation of the basic equatiomns.

When the plane of the osculating orbit is taken as the basic plane, the
equations of motion in polar coordinates have the form:

d3r’ p{Aw N k(1 +m) o R
—r U L N L S Y] s
de ( dt ) re o | 7
A <, ﬂ) —km R |
dt dt ow’ J

Let us proceed as Newcomb suggests, from radius vector r' to its logarithm
p' = log r', and determine perturbations p'. Noting that

R : LR R _ OR

ar’ r 0;_'—’ dw’ aw*’

we represent Expression (27) in the form

b

, der’ e ( dw'’ )2 r2(1 ~|’— m’) —Fm OR

r
o dpe dt 9’
. 28
(1 L) o 2 %)
dt dt ow’
Multiplying the first of the equalities in Equation (28) by 2%%:, the
second by Z%¥j, summing the products, and integrating, we obtain
r

where CO is the constant of integration and

' dR dp’ oR dw'
D'R=9R d’ | OR dw
R op' dt ' ow’ dt
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Let us add this equation to the first of the equations of (28).
Then after carrying out a few indicated operations we will arrive at the

equation:

2 .2 2 ’ o i
1t et =2k’m \ D Rdt-- k*m IR - C,. (30)
2 dt2 r d 0y’

Tn the case of unperturbed motion, the Jacobian formuls reduces to:

1 & RO4m’) RO
2 a i —

where ré is the radius vector of unperturbed motion.

Term by term computation of this equality from Expression (30) gives

5 . : ' . . k2(1 !
! ﬁrf—(r"—r(]?) —k2(1 + m’)(rl—,——l,—):szm (2 SDtR dt -+ gf)” Cy-+ -2—(a+—m) (31)

2 ar To
Let us expand (r'2 - r62) and r'-1 - rb'l) in powers of 3p' = p'-dé:
r’2_r'2—_~l‘(l)2 ( 280" - 20p2 - L ),

'__1_8’2_'_ )
, 2p U BN

Let us substitute the derived expressions in Expression (31). Then,
restricting ourselves to terms merely of the first order &p', we will arrive at

the equation

dr opores N - RBE(L4m) oores
e (ro 3p ) - _—rOS—__ (ro 3p )—kzm (Q+2C), (32)
where
Q-2 DjRdt+ 3%,

. k(14 m
Qk‘zﬂlcl = CO - —(—‘a——f-"_)‘ .

Thus the determination of perturbations of the logarithm of the radius
vector reduces to solving an equation of the type

x| R4m) g
_d_t2—+ N k*mX. (33)

If two linearly independent partial solutions p and q of Equation (33)
without a free term are known, then the general solution will be:
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/x: ;f_z_m_q;(qypxctt—-pfq)(dt+K,p+qu), (34)

where K; and K, are constants of integration.

The coordinates of elliptic motion: = a (cos E - e) and n = a cos ¢ sinE
satisfy Equation (33) without a free term. We take as the partial solutions:

p =cos E - e,
q = gin E,
then, since
p(i—qﬁ=n,
&
x="7 (quX dt—ijthJr Kip + Kyq). (35)
Hence, assuming that x = réz §p', X = Q + 2C1 and noting that k2 = 33
2.3
pr="2  ye .derive
14+ m

LSV m a’ \? , , , ;o , ' ,
= 1+m'<7§> (W'qip(d'Q+20'Cydt—n'p[q(a'Q+2a'C))dt + @'Kip+ a'Kig].  (36)

To determine the perturbetions of longitude in orbit we will turn to the
second equality in Equation (28)

d I\
——Oﬂﬂi):ﬁmﬁﬁu
dt dt oW’

After integration we have

dw’ k2 —(E-dt L C. (37)
dt 2 ow’

In the case of unperturbed motion, the integral of the areas gives:

dw, )2
— = (ﬂ-) n' coso’s
dt A ro : (38)
where w' is the longitude in the unperturbed orbit.

0 P

Subtracting the areas integrel in Equetion (38) term~by-term from Expression
(37) and leaving the terms of the first order, we arrive at the equation

dBw’z_a_’z, m , , OR . 13,7
dt (4) " [lﬂ—m'(n j'a EEZdtﬁﬁcz)*Qcos?ap]’ (39
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2
where: a’n'm Cy,=C—a’"n’cos¢’.

After integration we will obtain

Sl gy —a,—:2 m ’ ’2._R_. i — 1Y
cw'=n S‘< ')[1+m' (n ‘ga aW'dt . Cz) 2 cos

Iy

(40)

‘
(2]
-
.
| SO
),
A N
-
I
O

where C3 is a constant of integrationm.

6. Perturbations of Longitude of Node and Inclination

Let us take Lagrange's eqyations for determining perturbations of inclina-
tion i' and longitude of ascending node Q'

y _ i {OR | OR
&M awse 2’ [csc i 9K - tan*2‘<——, + ——)]
dt 14-m’ o Q’ Ox oe' /,
s’ d “b
AR ™ g seyescil 2R
dt 1+m' 0i
As was pointed out in Chapter I, the perturbation function is expanded
into a series of the type R=3XAcosN,
where: N=§'L'4-sL+m'M + mM= (s'+m’) L + (s+m)L—m'IT—mliT;
h is a function of e, e', a, o3
JV =5 —a'- L'=nt+e—x"; =N+ Q";
IT=mn—x: L=nt+e—1; =N+ Q. (34)

?

We must express the derivatives +to R with respect to i', @, 7', and
', which enter into Expression (41) by derivatives from R with respect to L',

£
L, /1", [1, and ¢, over which we expand R.
OR R OI' =’ . 0R O[T s , OR 9L’ @< , OR oL 0z , AR s 9J
o o o ok om os ok oL’ 0w ot oL 9x air | 05 o 0"
OR QR O &v , QRN 9=, OR 0L’ O . QR 9L _ox . AR 8 oI (42)
o’ oIl o dg’ ' oM 0= dm’ | oL’ ov ogy | oL ox o' | s ad R’
OR _ OR Il
om-or ow
OR _ OR AL’
P ;7—[7 o' "

In order to obtain derivatives from t, t', J, with respect to i' and Q',
we will use differential formulas from spherical trigonometry:

dJ=cos (t+—§)di—cos ("— Q) di'—sini’sin(*'— RV d(R"—R),
sinJd(=— Q)= —cos Jsin (x— ) di 4 sin (+"— Q") di’ —
--sind’ cos (+'— &) d(Q'— &),
sinJd (x'—§")=—sin (x— ) di - cos Jsin ("— &) di'—
sinicos (s— Q) d (8 — ).

(43)
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From this we obtein

aJ , ’ aJ s s ’ ’
= —CO0S (v — ——=—sin{ sin(z"—§"),
a7 CE O (#—8)
gt __ sin(+’ —gz) oz _ _ sini ‘cos (7’ —Q)
oi’ sind 082" sinJ
dv _ cosdsin(t'—R’) ot —1_ sinicos{t—g) sini cos (x —§2)
oir sinJ T sin J
and
’ ’ J
o _ e _ g om g 0 Lo )
oar’ ot on’ oJ 2 2
! oL oL’
oL g, %Ly, 2Ly,
oz’ oJt 0z

)

(44)

|

Substituting the corresponding values of Expression (44) into Expression

(42) we obtein

0R,:_( ,_*_ )( ____siﬁnt:cosN)_F(ﬂ?‘%__(z_lg_)”sinitcosN'w
o5 of1 sin J or7 oL sin J
1 0R . . . , J
— —sin{ N —
2 33 inzsin COS 2 N
glj:_((?R__}_ r)R)sinN' _()_Ii+ﬂ?_ sin N/ laRCOSN'COS J (45)
o’ orr aL’ | sinJ (617 OL) sin J 2 0o 2
QB_Z oR 0R OR
Y R WY
35
Hence __/
di’ m OR oR sini cos N . \L)
- ——pla'sc e’ | [ SR OSIEROS A ’ dtan o) -
dt 1+m’ [(0/7’ S oL’ ) ( sin i’ sin J csc L = tamy !
(OR . 0 ’
(G + %) “7“5 —5 g s cos ],
dQ, sin 3 (46)
sin i’ _ m "se (r)R v OR \ sin N'cos J ~
dt 1+m' ¥ Jr o/_') sin J -
OR | OR\sinN’ 1 0R ’
(0/7 c)L) sind ' 2 s cos N’ cos -
Let us note that
SR | OR__OR
or’ oL’ ow'’
9R OR r)k
or7 OW

and Equation (46) will be rewritten as
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i o ; ,
/_z:' 'm s ‘P’”«'! , R (ctnl sinicos N —a IR cos N' | 3
at 1--m : 0 sin i’ sin J oW sindJg '
1 ,dR J
—a’~—sin N’ -—
Xl N’ cos 2},
., df’ m oR IR sin N' (47)
sin{’ =2 —=— mc’n(a———mnN%thiwf( LA A
dt 1+m' ow’ oW sinJ
1 ,0R J
—a’~—cos NV cos —
7@ 5o S5 N o5 ).
To determine §i' and sin 1'6Q' we derive the equalities
DY stquTa OR ctns’ sinicos N )__algﬂcosN'_L
14+m’ : ow’ sin (' sin J oW sin J
)
2 a 2R — sin N’ cos ~]dt
o N 48
sini’6g)’'=— ,scynxﬂaﬁgishﬂV%th+wﬂ££ﬂlﬂ— (48)
1+m aw’ oW sinJ
1 0 J
—a’—Rcos N’cos—|dt -+ C,,
2 ds 2 " Y

where C4 and Cg are constants of integrstion.
7. Determining Heliocentric Longitude and Latitude

In the preceding sections we derived equations for determining perturba-
tions of the logarithm of the radius vector, longitude in orbit, longitude of
node, and inclination. Xnowing these values we may easily derive the perturbed
values of heliocentric longitude 1' and latitude b'. For this purpose we
utilize the formulas

tan(/'—§’)=cosi'tan (w'-c'), (49)
sin b’ =sin i’ sin (w’—3'), (50)
where ¢' is the distance from the node to the readout point in the orbit.
Let us assume that Qé = 96, then because of equality do' = dQ' cos i' we
have

o' = Q)+ da' cos i’
8. Determining the Constants of Integration
Solution of the equations of planetary motion by the methods set forth
above contains seven constants of integration Cy, C2, C3, K1, K9, Cy, and C

Only six of these comnstants are independent. The constants Cy, Cp, and Kl are
interconnected by the relationship which we are about to derive.

From the integral of kinetic energy of perturbed motion (29),

Translators note: ctn = cot.
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ar’y 2fdw'\2  28(1+m') o0 .
(dt) +r (dt) - “ka‘S'Dtht—{—Co

we subtract the integral of kinetic energy of unperturbed motion,

dr(') 2 2 (dw6)2 262 (1 4- m’) TR+ m)
) 0y = 51
(dt) T\ ro a ) 1)

Then, restricting ourselves to terms of the first order of smellness,
and taking into consideration that 2k2mCl = C _FAfintm),after slight trans-

formwations we will arrive at the relationship a
3a’ dip’ dvw’ m’ ’
3 1) 4 e'g Lt cos o B _ / .
(, ) 3 9 gy T COSY S = (a C + .ga DR dt). (52)

Let us substitute into this equality the corresponding expressions for
(Sp' , dd’ ddw
dn't’ dn't

I:mrap’=(—?>2[q[a'l<g+n'yp(a'Q—%Qd'Cl)dt] _:*_
0

plak,—n,q@Q+2aC)dt]),
Lt 5%:(—){(% - ?oid‘%)[aK ' fp(@Q +22Cy) dt} +
( 3‘%~ %%) @K, —n'§ g (a’Q +2a'C) dt]} , 3
]—"-mﬁ' f;zf’tl :<a—) {(n’fa’ ;%dt + Cz)—2 cos & (%—)2 glaK,+n fpaQ+

ro 0

2a’C,) dt]—2cos ¢’ (%)2;; [a’K,—n' [ g (a’Q+ 2a’Cl)dt]} l
0 -

and we will derive:

( : )2 cos’ [ [a SXdt + ch—(ri")ze' | [ (@ Q- 20°C,) ] -

ro ow’ 0
, a@C; + (a'DRat

or,in other terms,

' \2 Y
Cycos9’—a’Ke' + a'C, [Qe’n’ S th—(—r—",—> } = (—0~> j‘ a’D;R dt—cos <p'n' jva' IR dt—
a' a oW’

e'n’ f ga’Q dt. (54)
Let us examine separately the expression

I=cos¢’n’ Sa’ Ea‘%‘dt +e'n’ 5 sin £'a’Q dft,



which contains only periodic terms since its constant part entered into the con-
stants of integration K and Cj

— P! NI R Y Y4 /()R 2.7 ) v ’
1——.5‘((:08(? n'a W—-l—ensmEa —)dt»}—Qen Y(smE jlaDtht)dt,

dp’ .
Since
Jw'’ a'\? , ,
=[—1 n'cos¢’,
ot (’0)
dp' "\2
—P—=(ﬁ—) n'e’sin E’,
dt 7,
DRIRd | IR du
‘ dp’ dt ow’ dt’
then F\2 .
0\ ., . .
1=y <7>a DtR at - 2e'n j[smE’j‘a'DtR dtJ dt.

Taking into account that

/ f' 9 , Y s ’
\S‘ (.;,0_) a’DtR dt:(-—rao—’) \g a’DtR dt—2e'n’ J" <Sil’lE’ J' a’D,R dt) (ﬂ',

we derive
— r(’) ’ ¥y
1—<a—,) 5.0- DtR dt-—Ao,

where Ay is the constanmt part of the expansion
f' ? ’
(—0—) gla’D‘Rdt
a" /] J

Let us examine the expression:

I1=2¢'n’ § gdt=2e'n’ | sin E' dt=(1—¢’ sin E’)Q—(l 4 ."ie'z):(_r"’_ 2_(1 4 3¢
3 2 a’ 2 )’

where (1 + '5 e'2) is the constant part of the expansion (9'0)2
a'

in mean anomalies.

in mean anomalies.

Substituting the derived values I and II into Equation (54), we arrive at
the condition connecting constants Kq, Cl’ and CZ:

cos q’Cz——e’a’Kl—(l -+ %8'2) a’'C =4, (55)

In determining the constants of integration we proceed from the osculating
elements, i.e., we determine the constants of integration from the condition
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that at moment t = t, (moment of osculation) the perturbations and derivatives
of the perturbations are zero.

Thus from the condition:

" dop’ dow’ St
ap’ = == =(ow =0
)= (), = (), m e =0

Equality (52) will give:

dC=(-faDRrat_,. (56)
Let us rewrite Equality (36) as follows:
T4’ ’(') .:\, e ,
m <7) o - q [’L Jp(a’Q - 2a°C)) dt + {l'/\’;.] --
hence , pl-n'fq@Q +20¢C)dt + a'k)],
T4+m' d "o ._.-\/ iy I ’ ’
“now o) e e (@ ey dar - o'k
cp[-nfg(vQ - 20°C)y dE 4+ a'k).
When t = tq: i[(i)La(,'}Jo,
dt a’ ¢
Let us multiply the first equality by q, the setond by q, and
subtract the second from the first,; then
((pg—gp)[--n'[g(a'Q . 20°C 1 - a'Ki]),_, =0,
p(.]A qp ”’/1
consequently:
K, [n'fg(a’Q; 22C)adt],_,. (57)
If the first equality is multiplied by p, the second by p, and the two
are added, we obtain
a'Ky=—[n'{p(a’Q + 22'Cy) dt],_,. (58)
Equation (39) for t = to yields
_ » OR
C2_~[n j a Wdt],a,,, (59)

From Equations (40) and (48) when t = ty we derive the values of constants
C3, Csys and C5

o e o i )2 @)

t=t,
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C‘*———— m sc ,?, {n,Sla, 0R,(Ctg i— sin z.cos N )___

L+m’ ow sin (' sin J
ORcos N’ |, 1 ,0R . J

—a'—— "+ —a'-"sinN’cos —|dt} ;
oW sinJ 2 0 zr=fa’

1+ \
p 1

T

oW .sin J
a'—o—— cos N’ cos L dt
ds 2 =ty

scqf ” WsmN’ctoJ— @ IR sin V"

(61)

(62)



CHAPTER III 39
PERTURBATIONS OF THE FIRST ORDER BY JUPITER
9. Elements

Computation of the perturbations of Pluto and Jupiter are based on the
nineteenth barycentric system of Plutonian elements according to Bower (1931),
and the mean elements of Jupiter according to Hill. The mean elements of Pluto
have not been derived up to the present time. Of all the existing systems of
elements, Bower's nineteenth system has been determined over the longest arc
and partially takes into consideration the perturbations. Since the distances
of the heliocentric and barycentric coordinates are magnitudes of the order of
the perturbing masses, they already give in the perturbations a second-order
discrepancy, and in determination of the perturbations these elements were taken
as heliocentric.

The elements are in terms of the ecliptic and equinox of 1950.0.

Elements of Pluto Elements of Jupiter
Moment of Osculstion Epoch 1850 Januasry O
1930 September 20.0 Greenwich mesn noon
T'=1989 October 0.0344 M, = 145033
£’ =1097634 §2 == 99.779
= 17.144 i-= 1.308
o’ =113.542 0 =273.525
¢'= 0.248 644 e==0.048254
a’= 39.517738 a-= 5.202803
n'= 14283 n =299, 128,
110474
m

The elements of the mutual disposition of the orbits N, N', and J were
derived for verification from the two systems of formulas given below:

sinJcos N=sinicosi’—cosisini’ cos (§—§’),
sin Jsin N=sin{ sin (§0 — &), (63) 40

cos J=cosicosi’ +sinisini’cos (2 —R'),
sinJcos V= —sin &’ cos i + cos i’ sinicos (§ — &),

sinJsin N’ =sinisin (52 —87).
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. J . N + .o R—R' i+
sin — sin =8§in
2 2 S 5 sin 5
N’ N ’ P
sSin 9 COSs ;_ =CO0S R—8 sm' ‘ ,
v 2 2 ) (64)
J . N — . Q—8' [ )
COSs —Sin =8in 8
53 2 2 cos 9’
J N'—N N—0' i—i
COS — COS =CO0S Cco .
2 2 2 572

For the Pluto-Jupiter case, the values of N, N' ¢ = sin % , and of the

constant values &, /I, /7, which we need in the following, are:

N=190.6406, sin5J=O.137935, I7=82'8844, 2=0.131657,

o~

N’'=180.8194, cos - =:0.990441, 77'=292.7223.

L V]

10. Expansion of the Perturbation Function

As already indicated above, when the perturbation function was expanded we
used Newcomb's method of operators (with respect to multiple mean anomalies).
The computations were manually performed and only later when the computing
laboratory was organized at the Institute of Theoretical Astronomy was the ex-
pansion of the perturbation function repeated for verification on analytical
computers. The method of expanding the perturbation function on analytical
computers is set forth in detail in Chapter I, Section 4 of the present mono-
graph.

In both manual and in machine computations, the basic initial data are the
table of coefficients of Newcomb's operators given in Appendix II, and the
tables of coefficients of expansion of circular motion a'Aj, a'Bi, . . . and
their derivatives with respect to log a and o.

To compute these values it is sufficient in Formulas (3) and (11) to
restrict ourselves to the following terms:

@DHA = Diei D (¢ 4 6 4 2DF (e 4l Y,
where =0, 1,2 ...7, k=0, 1,2 ... 8;
’ 1 i3 ok il i+l
@' D*By=— D'e,— =a'D* (¢ + 1),
where i=0, 1,2 ...5, k=0, 1,2 ... 6;
a’DkCiz-z— D"ci,
where i=0, 1, 2, 3, k=0, 1, 2, 3, 4;
a’DchA‘.= —asDF (c‘;l -+ c;‘“) -+ %oaDk (02'2 -+ 4(.‘:_}_ Ci-g-z)’
where +=0, 1 ...7, k=0, 1 ... 8;.
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|
i

NOG WO

i

e WA — O

)
6
7

i
31

2.008753

0.1325225
0.0130952
0.0014373
0.0001656
0.0000196
0.0000024
0.0000003

i
G

0.273869
0.053735
0.008824
0.001354
0.000200
0.000029
0.000004
0.000001

{
s

0.03863
0.01232
0.00281
0.00055
0.00010
0.00002
0.00000
0.00000

where {=0, 1

... 5, k=0,1...

a’D,D"e’B;=aD*c!—34°D* (cf" + ci""),

6;

3

k_4
a’D D' c,:%cmkc;,

where i=0, 1 ,,, 3, k=0, 1 ... 4.

i
Dc}

0.0176779
0.1342719
0.0263826
0.0013339
0.0006651
0.0000984
0.0000143
0.0000020

i
Dy

0.295561
0.111027
0.027017
0.005496
0.001014
0.000176
0.000029
0.000005

i
Dcy

0.08562
0.03885
0.01160
0.00282
0.00061
0.00012
0.00002
0.00000

TABLE 2
D% D%} D' l D D% D i D
0.0300569 | 0.0749697 | 0.1616778 | 0.3722419 | 0.951997 | 2.80881 | 9.71189
01395971 | 0.1559540 | 0.2070631 | 0.3706546 10.915069 | 2.83220 |10.1176
0.0535427 | 0.1102492 | 0.2334837 | 0.5209345 | 1.270273 | 3.53251 |11.5288
0.0131136 | 0.0399073 | 0.1226072 | 0.3826264 | 1.224615 | 4.07711 |14.3903
0.0026761 | 0.0108008 | 0.0437896 | 0.1787434 {0.737037 | 3.08506 |13.1991
0.0004945 | 0.0024882 | 0.0125525 | 0.0635568 |0.323450 | 1.65790 | 8.58312
0.0000858 | 0.0005175 | 0.0031250 | 0.0189148 | 0.114825 | 0.699845 | 4.28832
0.0000143 | 0.0001003 | 0.0007055 | 0.0049706 |0.035089 | 0.248318 | 1.76294
.-__ . : ! P s

D%, D% D'd} D¢} D¢}

0.363027 | 0577717 | 1.28572 | 37473 | 12951

0.236646 | 0.533916 | 1.32423 | 3.7609 | 12.521

0.083833 | 0.265789 | 0.87160 | 3.0060 | 11.120

0.022477 | 0.092923 | 0.39030 | 1.6772 7.4397

0.005151 | 0.026346 | 0.13596 | 071021 | 3.7720

0.001068 | 0.006516 | 0.03999 | 0.24723 | 1.5434

0.000206 | 0.001465 | 0.01043 | 007464 | 0.5375

0.000038 | 0.000307 | 0.00249 | 0.02025 | 0.1655

D% D% D'}

0.20646 | 0.56501 | 1.8091

012638 | 0.43085 | 1.5696

0.04870 | 0.20907 | 0.9262

001460 | 0.07645 | 0.4074

0.00374 | 002322 | 0.1456

0.00086 | 0.00620 | 0.0448

0.00018 | 0.00150 | 0.0123

0.00004 | 0.00034 | 0.0031
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TABLE 3
a,Ai a'DA,- arD‘ZAl a1D3Ai a'D‘IA[ aleAi a:DGAi a,D7Ai
20077521 | 0.0156151 | 0.0316798 | 0.0651749 | 0.1377167 | 0.3055345 | 0.713772 | 1.88477
0.1208420 | 0.1312300 | 0.1354339 | 0.1482425 | 0.1876611 | 0.3109398 | 0.686084 | 1.92307
0.0125779 | 00252921 | 00511326 | 0.1044794 | 0.2179415 | 04725733 | 1.080386 | 2.74282
00013534 | 0.0040741 { 00122921 | 0.0372290 | 0.1134627 | 0.3493704 | 1.082950 | 3.45472
0.0001529 | 0.0006130 | 0.0024608 | 0.0098961 | 0.0399027 | 0.1615343 | 0.651580 | 2.66461
0.0000178 | 0.0000890 | 0.0004460 | 0.0022374 | 0.0112400 | 0.0545736 | 0.282453 | 1.42504
0.0000021 | 0.0000126 | 0.0000759 | 0.0004565 | 0.0027474 | 0.0165513 | 0.098468 | 0.59408
0.0000003 | 0.0000018 | 0.0000124 | 0.0000874 | 0.0006140 | 0.0043205 | 0.029975 | 0.21120
] T K ; |
} sta’' B R DB, sa’ D* I), vosa DB 3; : 3'—'(1’1)‘8,- L sta [)5/3 5%u I)(’/i
- e R N S R
0 ()0020%6 0.0027906 Y 0.00338 19 oowmo 5 0.011379 l 003227 0.1232
10 0.0004999 | 0.0010298 | 0.0021820 | 0.0018690 & 0011835 0.03277 0.1191
2 | 0.0000805 | 0.0002457 1 0.0007502 | 0.0023007 | 0.007755 0.02630 0.1058
31 00000121 | 0.0000:90 | 0.0001996 | 0.0008200 | 0.003422 0.01454 0.0708
} | 0.0000018 | 0.0000088 | 0.0000418 | 0.0002282 | 0.001171 0.00606 0.0359
5| 0.0000002 | 0.0000015 | 0.0000091 [ 0.0000553 | 0.000338 ] 0.00207 0.0147
3ta’C; sta'DC; sla' DC; s’ D3¢, I sa'DIC;
0| 0.0000052 | 0.0000116 | 00000280 | 0.0000767 ’ 0.0002456
1] 0.0000016 | 0.0000053 | 0.0000172 ; 0.0000585 | 0.0002131
21 0.0000004 | 0.0000016 | 0.0000066 | 0.000028+ | 0.0001257
31 0.0000001 | 00000004 | 0.0000020 | 0.0000104 | 0.0000553
TABLE 4
a'D,A; a'DD,A; | a'D?*D,A; | «’D3DA; | «'D'D GA, l a'D’D,A; | a'D’D,A; | @'D'D,A,
S R 1 S
0 | —0.0141973 | —0.0291900 | —0.0616492 | —0.1367487 | —0.3295366 | —0.896935 | —3.45417 | —13.9997
1 | —0.0387538 | —0.0437191 | —0.0590927 | —0.1075678 | —0.2650718 | —0.800159 | —3.32019 .| —13.1821
2 | --0.0074028 | —0.0155509 | —0.0341479 [ —0.0808550 | —0.2142145 | —0.652332 | —2.75328 | —11.4502
3 |—0.0011887 | —0.0036686 | —0.0115432 |-—0.0373714 | —0.1262067 | —0.451803 | —2.05409 | — 9.0244
1| —0.0001785 | —0.0007270 |—0.0029963 | —0.0125215 | —0.0533644 | —0.233607 | —1.23909 | — 6.0963
5 | —0.0000257 | ~0.0001308 | —0.0006677 | —0.0034362 | —0.0178698 | —0.094247 | —0.59444 | — 3.3632
65 | —0.0000036 { —--0.0000221 {-—0.0001349 | —0.0008259 | —0.0050913 | —0.031643 | —0.23572 | — 1.5336
7 | —0.0000005 |- -0.0000029 | —0.0000244 |-—0.0001723 | —0.0012130 | —0.008554 | —0.07414 | — 0.5382
a’'DeB; | a'DDB; | a’D*D¢"B;| a'D®D,e?B; a’D"Dac‘—’B,- a'D®D a:B;| a'D°D s2B;
0| 00375873 | 00401565 | 0.0480842 | 0.0729032 | 0.1528307 | 0.418799 1.78640
1| 0.0070885 | 0.0145491 | 0.0306329 | 0.0675513 | 0.1611221 | 0.431618 1.72709
2| 0.0011180 | 0.0033985 | 0.0104536 | 0.0326676 | 0.1046587 | 0.348094 1.53380
3| 00001647 { 0.0006620 | 0.0026875 | 0.0109885 | 0.0453975 | 0.190349 1.02620
1| 00000233 | 0.0001167 | 0.0005888 | 0.0029833 | 0.0151927 | 0.077898 0.52030
5| 00000032 | 0.0000193 | 0.0001164 | 0.0007041 | 0.0042720 | 0.026007 0.21289
6| 0.0000004 | 0.0000080 | 0.0000213 | 0.0001506 | 0.0010611 | 0.007492 0.07414



TABLE 4 (continued)

i| a'Dye'C; | a'DDsC; | @' D*Dyo'C; | a'DPDyeCi| a' DD esC;

0.000150 0.000337 0.000813 0.002224 0.007122
0.000047 0.000153 0.000498 0.001696 0.006178
0.000010 0.000046 0.000192 0.000823 0.000365
0.000002 0.000011 0.000058 0.000301 0.000160

WO~ O

The Laplace coefficients and their derivatives with respect to log a enter-

ing into these formulas were computed by two methods, Newcomb's and Innes’

This was done both for a deep check on these basic values and for determining
the practical advantages of one method over the other. As has already been in-
dicated, Innes' method has a number of advantages over that of Newcomb in con-
venience and especially verification of computations. Each stage may be veri-
fied and there is no need to repeat computations at second hand.

Tables 2, 3, and 4, respectively, give the values:

ki i ki
D¢t D*e’, D
1’ 3 5

At 2 fod .

a DA, a'D*s*B,, @' D*5'C;
’ kT kR 4

a'D,D"A, a'D,D*s'B,, a'D,D*'C,.

Using the tables of operator coefficients (Appendix II) and Tables 3 and 4,

. nn' ‘ ' . . . nn' rnn’
we derive the operators P P P""  and their derivatives DP DP" s

mm'? mm'? mm mm'? mm

Dplmn' ., D Pnn’ DUP/"”’ D:Punn’

mn at mm'? ma'? mm'*®

We introduce the corrections for the indirect member of the perturbation
function into the values of the operators. In Section 1 of Chapter I, we are

given formulas for determining corrections to «'A.,,a’s*B, «’D A |, a’Ds*B;, and

o 0

to their derivatives with respect to log o. Let us recall these formulas:

A _'a_Q(l ~d’), 6/1'523., —a P
2 N 2 -2.2
s’ DA ., =247 (1 — %), sa’Ds°B, 20773,
3a'D*A = — (— 2% a7 (1 —a¥), sa' DBy = — (—2)f a7
r,.a'.D. A -l ‘—21 26’ aa’D GQB()‘ _ 27—251
aa/[)D A 1 ——4,1_2»-’ 6¢1’DDJJ BO 49—20’
@ D'DA ., ~2(—2) %, 2’ D*D By~ —2(—2)fa s
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It is easy to note that the factor o °(1 —o®) enters into all derivatives
of 2a’ Ao, With respect to log a, factor,— ,enters into derivatives of 3a'¢’B,and

so on. The corefficients in these factors will be fixed numbers independent
of the elements of the planets, and they will be the same for the corresponding
derivatives of all six corrections. Let us compute the
auxiliary operators (fym'):f (FYZ;jo,of these numbers; for this purpose we

mm'

multiply the free term of the operator by - 1, the coefficient of D by - 2,
coefficient of D? by - (- 2)2, and the coefficient of DK by - (- 2)k.

The values of the auxiliary operators are given in Appendix III. To
derive corrections for the indirect term of the perturbation function in the
operators and in their derivatives, it is enough to multiply the auxiliary
operator by the corresponding factor,

Thus, for obtaining &p"" . we multiply the sux. operator (P””') by «"%(1—s%),

mm' mm'

nem e " R 0 I
R P ) o) e
noo app " N 0 B
" n BDP;’:’;. " " " (P::,I:,;') " _21_2(1 _ c”),
" " gppe, M " " (prom.y —92a72 6%,
In the case of the combination of Pluto and Jupiter the values of the /44

vectors will be:

o (1 —5%)=57.59345,  2u7%o- 15.915293,
«"%*=1.097638,  —2a*(1 — %)= —115.1869,
— 207 %.- —15.915293, — 2a ®c:: —2.195276.

After introducing the corrections, we multiply the operators by the eccen-
tricities of Pluto and Jupiter in corresponding powers, and from the system in
Appendix I we derive the expansion coefficients a'R, a'DR and a'DoR.with respect to
cos [ +cl) L'+ (-1i+ecl) L+mM+m'M].

We obtain the derivative with respect to log a' by using the formula:

D'R = - R - DR.

Formulas (10) of Chapter I, Section 1, serve for computing the coefficients
of the derivatives of R with respect to W, W', and t, since
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dR oR

o’ ow’’ and
IR _ OR
aL  ow’
ok IR '
we derive a’ 5—“%, a/;ﬁ/’ a’'D,R in the form of series in

sin [(L + cl.) L' + (- i +cl.) L+ mM + m'M").]

By means of the values o [(i+e1.)7 +(—i+ cl.) 11}, we apply 'R, @'D'R,

aDR, o 0&1;” a’g% @’D,R, to the expansion in cos A'™M' + im),

To verify the derivatives o’ aa;,, aD'R anda'[);/?,we obtain the time

derivative from the relationship
' 0R dw’ | OR dp
D‘R ow’ dt "o ap’

’

where w' and p” may be expanded into a series in mean anomalies:

w =M - = -~ NV H;sin jM’, (65)
¢ =Y Kjcos JM’

where H, and Kj are polynomials with respect to the degrees of eccentricity.

From Expression (65) we obtain

i -
T 3 !
Py =14 Y jH,cos jM’,

1 do’ 4 s
=2 =Y —JjK;sinjM’.

n' dt
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TABLE 5
a’R-10¢ a’D’R-10 a’D,R-10 a’d—"ig—,- 10 a’—%- 104 —n‘— a’D,R-108
i i’ sin cos sin cos sin cos sin €0s sin \ cos sin cos
0 0 — +100429| — — 101303 — |— so.7E — — - — —
1 |— 454 25767 |+  932|— 27183 154(— 1052 —  776|—  460|+  80.4|+  462|— 25767|— - 454
21— 196 652.5 369|— 7100 544|— 909, —  324/— 172 40.2 238} — 1305.0|— 392
3| — 12 185.1 1N3|— 2044 448|— 58.21- 1094+ 44 17.1 10.2(_ 555.3| — 216
41— 2l 54.5 28|~ 618 467|— 309 — 31— 07 6.7 43 - 2180|— 84
5 — 07 68|+  05|— 189 40— 145 —  10/+ 02 2.8 18 — 840 — 35
6 ,— Ol 56|~  05|— 58 77— 75— 0.1] 03+ 09+ 05— 336 — 06
7" 16— 07—  Ll|4+ 30— 29— 04 04— 04— 04 — 112
1 | -8 + 6 | 10 |+ 8 |4 14 — 2.4 10 4 6 — 10|+ 6 4+ 8 — 49
-7 2 | 37 32 54 |— 1 |— 9 3 — 2 |— 37 21 20 — 146
—6 2| 128 94 159 |— 13 |— 3 126 _— 70 |— 12 71 766 — 433
-5 296 520 365 625 |~ 72 |— 141 518 — 203 |— 518 294 2600 — 1481
~4 127 9233 1452 2509 |— 342 |— 603 2230 . 1971 ‘— 929230 1273 8931 — 5107
—3 , 598 10448 6424 11159 |— 1662 |— 3020 . 10443 _ 5074 _ 10442 | 5976 31343 — 17958
[ —2 ' 33040 57607 34020 59255 |— 9251 |— 16284 57614 _. 33023 _ 57602 @ 33027 115215 | — 66080
(T 1+271939 4473074 | 4273814 | 477263 | — 76130 |—134335 1474142 _971891 _ 473969 ¥+271943 473974 - -271939
|0 —105967 --178999 |—105964 178977 |4 13550 |4108594 —186766 4103820 178886 |—106027 0 0
1 ' 4987 6210 |- 5008 - 6275 | 40746 |—149127 -1 13930 558 6185 + 5145 6210 b 4987
9 518 _— 908 53— 934 4974 — 18072 1539 155 041 - 538 © 1816 1036
3 86 — 178 92 — 191 903 — 3270 25 | 36 184 89 535 257
4 18 — 40 20 — 45 192 — 697 54 0 42 18 162 70
5 4 — 1 — 13 46 — 168 14 3 1 4 51 22
6 — 3 |+ 2 — 3 1 — 39 3+ 1+ 3 1 19 4- 5
7 , 4 - 13
8 ' + 1 — 4
2 | -9 1 + 1 |— 3 — 2 — 2 1 — 1 2 6 — 10
-8 3 2 |— 10 — 5 |— 3 — 1 3 - 3, 7 12 — 2%




TABLE 5 (continued)

185

‘ o , | . dR ' L dR l 1,
a’R-10* } a'D'R-104 I a'D R-104 a ;’117’_ 102 : a i 164 ! ki D,R-104
sin [ cos L sin ; cos ‘\ sin ‘ cos sin \ €os " sin \ cos sin cos
} t | ! . | ‘ | | ; |
+ 6i+ 3, — 20 — 95—6 - 2, 4+ 6 - 13- 53+13‘ 21 — 3
22 2 - 32l- 5. — 13 | - 8 29 . -~ 36t~29‘ 36 133 — 130
61 \ B~ 0 16 R S % | 8 - 9l . 88 1 91 : 364 T 301
179 y 251 T 30 g o' - 70, - 82 ; 280 234 — 280 284 1003 | — 717
672 | 1073 | 4 344 | 897 I 218 | .- 323 121 758 - 1121 ' 757 3219 | -- 2014
3300 ’ 5649 | 2960 5474 | - 962 1 - 1634 5704 -- 3391 | - 5702 8390 11297 - 6600
{26258 | 45784 | +4.26362 ! -+ 43898 | - 7358 13026 45193 - 2621 - 45775 | 26242 45784 -—26258
- 10226 i --17265 = —10208 | - 17252 1285 j -1-10303 18016 10013 § 17261 - -10235 . 0 0
+ 183 — 607 + 491 - 603 3929 ‘-714438 ‘ . 1332 \ 56‘ 627 ‘ - 493 ( 607 + 483
50 — 89 5 - 88, 8L | 1767 | 150, 16 92 | 50, 178 100
9 — 2 100 — 19 88 | - 323 28 ! 4 19 9 58 26
9 — 4! 2| - 14: 19 — 71{ 6 1t+ 4|+ Qj 18 |+ 7
' \ \ ! 51 - 19 {
: } ’ ! o 3 ‘ ! T I
1o+ o2 54 | 5] - 9 - 5l 34 22! o o 2, s | _
E 46 l 92 83“ 82 1 - 5 % — 23 ‘ 94 | 3 i — 9 4 3 : 275 — 139
{ . 270 | 460 | 2% 49 )~ T2 W5 463 - 20| 46 W0 019 - 5%
! 4- 2143 ' o 3737 ; + 2145 = 3739 | 591 | -— 1033 F 3737 1 — 2143 | -- 3737 | .- 2143 i 3737 .0 2143
} - 834 — 1408 |~ 834 1408 | - 108 ' + 893 1 - W70 | 4- 816 ; -+ 1408 i - 83, 0 0
B4~ B2 b 0 — a3 s = 1175 k . 113 6 83, & 10 52 1 40
4 — 8 4 -8 38 | - 139 3+ 204+ 8, 4i 16 9
! Sy | | j | |
2 . 6 I ' ( !
2, & 20, 4+ 3] 3 6 ! S 10 36 } ) } ~- 36 | 22 73 | - 42
0169 ¢ f 294 1 4 169§ i 294 - 48 ) - B3 o 204 -~ 169 | — 204 . - 169 . 204 | -- 169
— 63 |.— MO | -~ 63| 10| 4 & |4 65] -0 1 63| 4 110! - 63 | 0 0
20 - 92
LRI |

9%/



In our case the values of jHj and - jKj are: /47

Hy=1,

H,=0.493 496, — K, =0.242 864,
2H,=0.151 098, —2K,~0.089 254,
3H;=0.048 076, —3K,=:0.030977,
4H,=0.015536, —4K;+=0.010 564,
5H,=0.005 062, —5&K;-0.003 560,
6H,=0.001 650, —6K,;=0.001193,
7H;- 0.000 542, —7K;=0.000455,
8H=0.000207, —8K3==0.000 158.

9H,=0.000074,

’ oR OR
Table 5 gives the expansion coefficients @'R, aD'R, Q’W, a’ﬁ, a’D,R,

DR
n' !

11. Computing Perturbations o' and w'

To determine the perturbations of the logarithm of the radius vector
and of longitude in orbit in Section 5, we were given the following formulas:

.

3 e (—) [aip(a Q+20C)dt—n'p[q(a’Q - 2a'C,)dt - d'Kyp - ¢'Kug),

s =n' jn (ﬁf-)’ [—m—(n’ 5‘ a’ 5(% dt - C;,> — 2cos g"&p'} dt -i- C,.

g Ll—‘,—m’

(a) The Part of the Perturbations Not Depending on Constants

When determining the perturbations of the orbital coordinates we first
compute that part of the perturbations which does not depend on constants.
Let us designate them by (8p') and (éw'). Then)

’

(3)= T?'m_(i> [n'g [ pa’Qdt — n'p [ ga’Qdlt],

Ty
"\ m oR 14m’ o
dw)=n' a_ n | @ ==—dt — —L——2cos " (8p") | dt.
= () | o Gt = S oo )

As already indicated:

@Q=2 | a'D Rt - a'g—f,—,

p= Y p,cos kM,
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Tables 6 and 7 give the coefficients Prs

qg= Y q,sinkM,
(.‘L)z =Y C; ¥ cos kM.

Ty

9 and Ck—Z.O in the form of

series of powers of the eccentricity (Sharaf, 1953).

TABLE 6
[' = e l (4
(F Eaaa 2
3 5 7 9
el ——et ok —— et - ——h ey
8 192 9216 737280
1 1 1 1 1
Po= ol e O s — @ - — T [N
2 3 16 180 3456
3 15 567 729
py— — ¢ — el - gt — e~ -t
8 128 5120 40960
I 2 8 8
P — e — 0 - — el — ——p
3 5 45 189
125 4375 . | 13625
= o——el — " es— ...
384 9216 ' 57341
27 . 81 . 79
Pp=——8 — —— g gt
80 140 1792
. o 16808 . 117649
" 46080 163840
o 128 o 512 o
315 567
531441
)y == —~ e~ —
1146880
o T8I
T 45152 B
1 1 1 1
=] ——pdf ——pt o — e 3
i 8 192 9216 737280
1 1 1 1 1
o= —e — — @3+ ——pgr ———pi + — ot —
R TR TR ToT
3 27 243 243
3= —e?— —et{ —ef — e
8 128 5120 40960
1 4 4 16
f = — 3 —— ] —_—e — et
"=3 TR YER
125 3125 . 78125
=t — e e —
384 9216 516098
27 243 2187
=Ny’ T/ S 7+___._.£9_
=30 260~ 8960
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TABLE 6 (continued)

16807 823543
7= eb — o8 4
46080 1474560
128 2048
= et — e?
B S s
531441
gy = e —
1146880
78125
70= 5152
TABLE 7
C—-?,O — 1 + —_—p2 + é.e& ..L_icn pu sy .ijie
8 16 128
C*zo.-zc l.ie).l—.ﬁlg?».{_,g(_‘)ziea -1 631()() -
4 96 4608 122880
21 779
0”=_ﬁ+—m+—w;—a*.m
2 3 32 1440
ci-lﬂ:—-lﬁ- L2 393 10047
4 64 512 2()%()
C;QvO:_&i l_.i%gal _1_6_7§.EN+~,._
24 80 1440
P 1097 . 16621 . 543518 . .
192 4608 258018
20 1223 7599,
160 1120
g0 47273 . 287019
7 4608 245760 o
G20 350403 556403,
40320
20 10661993
9 573440 o
For Pluto the values of py, Cp and €20 yill be:
P,=0.372 966, €™ =1.032423,
1 1 1 _n
— P1=0.488 458, ~ ¢1=0.496 146, —C;*"=0.254748,
1 = 1
<P, =0059628,  —-q,=0.060890, - €5 =0.077 998,
1 1° 9
5 Ps=0010932,  ——¢;=0011194, 5 C** =0.024818,
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g,=0.002 438, % C;*° =0.008 020,

- py=0.002377,

1

- Ps=0.000568, ¢,=0.000583, % C;*°=0.002612,

g,=0.000 148, —;— C; % =0.000 856,

— py=0.000 144,

Il

0,000089,  —-C;*°=0.000 280,

q

-1

- p;=0.000038,

,=0.000010, -;—c;?’“ ~0.000 096,

—:—pt,:0.000 010,

g,=0.000003,  — C;**=0.00004,

R SRS T

L p,=0.000003,
—;- C;2°—=0.000012.

n
In integration we must multiply by the values Vi whose values
for the Pluto-Jupiter system we give below:
PLUTO-JUPITER
- -
i Vi | i I AL \ i i’ AL
= - - Is e —_— _ - EN - B

0 !, 1 0.0455727 2] 0.0227683
1| 1.0000000 | 2 | 00435863 3| 00222787
2 [ 0.5000000 | 31 0.0417659 41 0.0217932

3 0.3333333 4 0.0100914 1§ .
1 | 0.2500000 | 5| oosssion | 3 |—19| Q0189200
51 0.2000000 | 6 0.0371154 | 1 R0%(
6 | 0.1666667 * I — 81 00182386
71 01428571 - 21 -9 0.030-1031 I“ — 71 0.0179119
T i -8, 0.0295108 !| — 6] 0.0155967
—8 | 0.07728620 1 —7 0.0256648 | — 5, 0.0172924
—7 | 0.0717207 ” —06 0.0278661 b — 4 0.0169984
—6 | 0.0669211 f —5 | 0.0271106 | — 3] 00167143
-=5 | 0.0627236 I" —4 0.0263950 ! — 2| 0.0164396
—4 | 00590215 | 31 0.0257162 {[ — 1[ 0.0161737
—3 | 0.0557321 » —2 0.0250715 | 0; 0.0159162
—2 | 0.0527900 i —1 0.0244583 { 1] 0.0156669
—1 1 0.0501430 [i 0| 0.0238744 21 0.0154252
0] 0.0477488 n 1 0.0233177 ! 3| 0.0151909

|

’

In order to get a clearer idea of the course of perturbation computations
we will trace all the stages in the work for the values i = 0 and all possible
values of i' in the given case. (Computations are carried out to the fifth

decimal place).
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SCHEME 1

1, , - R
—a'DyR 2\ a'D,Rdt a’——- ’
” vt JoDiR o “e
i i - — - —
sin cos sin cos _ sin cos sin cos
0 0 — — — — — —101303 — —101303
1 —25767 —454 —908 451534 -+932 — 27183 424 + 24351
2 —13050 —392 —392 13050 369 — 7100 —23 5950
3 — 5583 —216 —144 3702 113 — 2044 —31 1658
4 — 2180 — 84 — 42 1090 28 — 608 —14 482
5 — 840 — 35 — 14 336 + 5 — 189 —9 147
6 — 336 — 6 — 2 112 — 5 — 88 — 7 54
7 — 112 32 — 7 — 11 — 7 21
Since

a’'Q==Ya’Q, sin (iM + ¢M’) - Y a’Q,cos (iM + i'M’),

then when multiplying o'Q by p= Y p,cos kM’ and 9= 2 9xsinkM’ e have:
pa’Q= Y a’Q.p, sin (iM + i’M’) cos kM’ + ¥ a’Q,p, cos (iM -+ i’ M’) cos kM’ =
& D@ Qupy [sin [iM+ (¥ + &) M)+ sin [iM + (i — ) M)} +
- 2@’ Qup (c0s [iM + (& + RYM') + cos [iM -+ (i — k) M']) =
Y H sin (iM + j'M') + Y H, cos (iM + j'M’),
ga'Q= Y a'Quqsin (iM - i’ M’y sin kM’ - N a’Q,q, cos (iM -1+ i'M’) sin kM’ =
% Y @' Quqy {— cos [iM =i- (i -+ k) M) -t cos [iM A- (i — k) M'])

(65)

1 ’ H ; ' o ’ . . . ,
7.\_:‘1 Quqy {sin [iM (- (& | k) M| — sin lidM -- (i - - k) M|
M Fgsin (iM - M) - M Focos (i & j'M7).
The scheme for computing coefficients FS is given as an example
(Scheme 2).

H_, H., and F, are computed in a similar menner.

s!

Summing the numbers on each line and assuming that § = i' we obtain
the coefficients gqa'Q and pa’Qq.
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SCHEME 2

N*

w20

t+.= .0

W= .=.0

- 0= ,0 ‘02 am|. -
g v

4,70

u\.uQ

O
i

hI3Yy v —

"Iy,

o
_._

[

1

& t

L

[4
-buo.ﬁ .—l

@ =0

Iy — —

@+ .2=.0

t+.a=.0

o ,0 m:

-+ 59

247
- 989

p1134

10

16168

913

— —
e -+ —
—_
. -
[=2] — o —_—
Iz —
- -
~ (2] LIn -t —
o —
(o]
~ O N
(Yol —
| '
'
—+ o [pnd [=2] (]
5 R B3 2w -
— (o]
—
[an] [ — jor] (=2} 3] -
o [fo < [aY]
~ oo —
— . . R
| i ) | ' {
o0 [ o1 - (o2 (=2 o —
1o} =] <o < o~
— - © —
O
I =
— [} o Iag] [o23 ™ o~ ]
e [<.0] [Yel [} [3g] [and [A] —
o < (=2 oo o™
[ N o
wy — )
S I R S Y B S
— N o [2p] 2] faed o~ =]
© O W A A NN =
[} < <N =] o
(=] o o™~
s R
|T
.I_. O = N M W W O - 0 O

57



SCHEME 3

pa’Q
i i e
sin cos
0 0 -+ 50051
1 —23 —103515
2 -+ 5 — 1285
3 + 6 -~ 1832
4 —15 859
5 — 9 317
6 — 5 108
7 0 35
8 — 3 17

ga'Q n' { pa’Qat ; n’ § qa’Qdt
! .
sin | cos I sin cos l sin i cos
11 ~50051n"t | Hon's
- 102026 —14 —103515 | =- 23 -1 102025
— 819 —28 — 0642 |— 2 . =14 | = 410
+ 1980 4+ 2 + Bl |— 2 | 41 . — 60
903 12 25 |+ 4 3 ] — 2%
321 6 63 2 | 1| — 6
111 2 18 1 i i 18
44 3 5 )
17 3 2 ] b 2
|

To derive n'p { qa’Qdt and n'q | pa'Qdt we use Formulas (65) and a system

of computations similar to Scheme 2.

be the same when multiplying gn’[pa’Qdt—pn’§qa’Qdt by (—r

This scheme of

computations will also

a’\2
r)

0

SCHEME 4
: . P gn' fpu'Qdt- - 1-om' ()
i p qn jpa Qdt pn' | qa Qdt ——pn’jqa'Q(/l po g

sin ‘ cos sin cos sin ‘ cos sin ] cos
0 0 —51390 --49852 —101242 —98100
1 -+ 2 — 6588 ) —31808 —1 + 25220 3 —~23579
2 -+13 -+50515 —4 450463 -2 - 52 15 — 8739
3 — 2 6481 —2 6659 —7 — 178 5 — 3044
4 — 2 867 0 926 —2 — 59 | Q — 1039
5 + 2 109 +1 128 +1 — 19 | 1 — 253
6 1 + 10 + 15 1 — 5 — 121
7 — 2 0 — 2 . — 38
8 — 2 — 1 — 1 — 14
9 ’ — 4
10 — [

8p”

After multiplying
Jupiter and M is the
we obtain (8lgr’).

m

by mM=0.00041465834, where

m 1is the mass of

conversion modulus from natural to decimal logarithms,

Knowing (8p~°), we may determine (8w') (Scheme 5).
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i FA _
! sin
0|0
1 ~776
2 —324
3 —109
4 — 31
| 3 — 10
| 6 - 10
! 7 e 4
P 8
19 I
[ {
0 0
1
2
3
“k
S
0
7
S
B
)
: 11

¢ AR : n qa ’N IR It
oW’ \ ow
;I cos sin r cos -
| .
i —4(_10 - -460 776
i —172 — 86 162
R -~ 15 36
l — 7 — 2 8
o+ 2 2
| 3
) 4 {
|
i
| )
SCHEME 5 (continued)
| 0, OR a’
n'\a’ —-—dt — 2cos g’ (85° — -
# { j T %' (9 )J (r
sin ‘ cos
| ' 209532
| --177 153757
i --231 62120
| — 97 24533
' — 41 9465
i - 16 3587
] 1340
491
| 181
| 64
] 22
| 9

(b) Secular and Mixed Terms

— 2cos ¢"(tp")

sin

—~ 6
—30
—10

— 2

\..'

Sy

l

|

Il

|
cos I
190038
45677
16929
5897
2013
634
234

74

27

8

sin

153757
31060
8178
2366
717
223
70

23

7

2

1

[n’j a’ »U!\—zll --2cos ?'(Eg')]
ow’ j
sin ! cos
190038
—-466 46453
—116 170691 -
— 25 3933
— 2 2021
— 2 685
234
74
27
8
1w~m" .,
m )
i cos
b 2005320/
477
115
32
10
1

Secular and mixed terms in Sp' appear because of the presence of free
In the intervals n'j pa'Qdt and n'[ gqa'Qdt

terms in pQ and qQ (see Scheme 3).
this gives 0.50051 n't and 0.00011 n't.

SCHEME 6

f
i

e WIS~ O

>

~1

10

n'fsin

49665
6095
1121

244
58
15

4
1

11

q0.50031n"¢

p0.00011n"¢

n'lcos

11
1

(q0.50051n"t - p0.00011n’t)

n'tsin

49665
6095
1121

244
58
15

4
1

n't cos

m

n'tsin

48886
17966
6236
2127
718
242
81

26

8

3

1

(5¢") secul-r

n't cos

+ 9
—10
— 4
—1
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SCHEME 7

n'leos

90331
30414
9678
3123
1018
333
112
36

12

4

1

|

|
|
|

v

i

outside the

F T R ) o seoular |
b 9cos e (5 . AN Jd (v w')secular
Lo TR kec. (” Ja aw’ “lsecy Tar |
P .
[ L T ' R e E
i || n'tsin i 1n'tcos n'tsin (I n't cos |
S . - e -
o | ol | -5 oL
c1 94701 19 99331 | 2] l
2! 31801 1 8 - 50829 13 '
3! - -12030 2 P --20033 i 3
iod - 4120 \ 12511 1 i
S 1391 ; - 5002 1
6 4649 i ! 1099 4
tT 157 784 | l
Y 51 ! 287 I
. 9! 17 | 100 i |
10 2 : ] ;
i .- 13 l
i 121 - 1 .
1 I ! I
There will be no term in“** containing t
d!

In fact such a term might appear because of the presence in

154
- (Ww') secular
sin I n'tsin jcos
':‘[—'7._‘::' —— —
i !
- 99331 21 21
507 6 3
32261 I i
— 786 | i
— 2041 ;
36 ! !
- i6 i '
— i :
o 1

sine or cosine sign.

di’
——- of the
dt

following expressions:

;e 5 A .
N ) a’ --\i; Z(L)
) ¢ U o

n (

Considering that

we obtain

constant part of the expansion -— (-—

Let us prove the opposite.

60

e’

cos ¢’

a’ )2 e’ 5 a’
’ 7 bt *
S
ro ) 08¢ To

)i

g(L
o

~>(i'_'
- ’
o

'cos o pn’ s ga’Q dt.

a N, o, S
) lc n\ qu'Qdt - cosy'n’ S a

aR

oW

cos o' pn’ g ga'Qdt -~

)1 cos ',a’szz’ }

The expansion Of a'Dy'R does not contain a constant term;
in Expression (66) may 1ie outside the sine or cosine only on

i
)cos @’p is not

zz] e o Rar,

€os ¥

"ga’Qdt.

Lo @D Rt

(66)

consequently, t
the condition that the

equal to zero.



Let us note that

cos?y’ I fa \-!
p;wosEﬁ—drwj;i-——f(fﬁ .

Then

The free terms of the expansion (—7):,(f773 (57)= in mean

anomalies are

Lt Bk B g

20y . 3 ,
CU =] 5 e’ - " e G
TR I 3eﬁ4-iie” 2 gt ; ,
" 8 B
CMpplet p Bt Bt
0 9 S 16
We multiply Co'z'O by e'z, CO'Z"O by 2(1 - e'2)2, and CO"B'0 by -2 55

1 - e'2), add term by term, and obtain zero in the sum.

Consequently the underlined number in scheme 7 is the result of accumu-

lation of error in the computations.

(c) Constants of Integration :

In determining the constants of integration for the initial moment t
we take the moment of osculation, that is, 1930 September 20.0.

For t = t0 we have

My=275]169,
M,y =T777480,
and. for different multiples iM, + i’M, we compile the tablesiggvﬂ4m—+i7wa.

We compute the constants from the following formulas:
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a/Cl:—[\S‘a,D;R dtJt=[0)
(Z'K;= [nr j-q (a/Q _;_ 2C1) dt}l-—to’
a'Ky=— [rz’ Jp(a’Q+2C)) d’metu ,
e[ {r OR
Cy= [" ja W’ dt} ’

£t

C‘—T— 7 _a;,‘, ‘m (" /oR ) o — A/;/ﬂl
o {n y<,('))[l+m'<n Sa ' dt + C, 2coscpprdt}t_t .
o

For verifying the computation of perturbations and constants we use an
equation comnnecting the constants of Integration in Equation (55)

(67)

\)a’ClizAu.

3
cos ¢’Cy—e’a’K,— ( 1+ ?e’z

The constants are
a,CI == _2.2758,

'K =—0.5195,
a*//\,g = "‘50496,
Cy=—2.7675.

The verification gives

cos o' Cy—e'a’ i, — ( 1+ % e"-’) a'Cy=—0.0649, A,=—0.0646.

In the coordinates of the perturbations we are left with an indeterminate
part of the perturbations depending on the constants of integration. Let us
designate them by (8p'). and (dw')c. Then .

I‘i—m, r(')

S <L’>2'[2wc‘ (Wqjpat—n'p[qdt)+a'Kip + a'Keg),

5

(ew')g=n' E(LM_”I__ C,—2cos e’ (f]p')cJ dt-- C,.

; L ;
o +m

We show in Scheme 8 the part of the perturbations which depends on
the constants and is computed according to these formulas.
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Scheme 8

(&lgr) 107 @),
! ¢ - | | R P
sin i Ccos \ n'tsin sin | cos . n't cos
0 —17861 " - 409, 80 1331.03
0 1 -—20451 — 7460 6874 738.01 —1973.72 663.41
2 — 7516 — 2768 2526 225.26 -— 604.29 203.08
3 — 2609 — 963 877 71.55 — 19229 fy.;.(.:
4 — 890 -— 329 299 23.10 — 62.15 X
5 — 301 — 112 101 7.52 — 20.25 £
6 — 101 — 37 32 2.46 —  6.62 2.1
7 — 34 — 13 11 0.81 — 217 0.71
8 — 11 — 4 5 0.26 — 071 0.26
9 — 3 — 1 1 0.10 — 024 0.08
10 — 1 0.02 — 0.08 0.02

12. Determining the Perturbation of £’ and i’

We conduct the computations by Formulas (48) of Chapter II, Section 6.

Ay

"
VRS m i oR ., JR sin N’
sini’e ' =— ———sco'n’ {ja'—= sinN'ctn/ - a’ —=- -
X 14+ m' ? j[ ow’ : oW sinJ
1 9 , .
= L9k cos N’'cos —i] dt - C,.
n . Care
3 M e “?”l/j F(l, IR ctni’ — S0 t.cosN ) —a IR cos N B
1+m’ ow’ sini’sin J oW sind

_%_ia’ﬂe—sin N’ cos A dt--C,.
2 -0 2

The values of the coefficients entering here, which depend only upon the
elements of Pluto and Jupiter, will be

—sin Metn/=0.0503451, ctni'— SN 3 590950,

sin i’ sin J

:imJ—N —0.0523366, — 2N _3 659503,

sin sin J

~% cos N’cos —; —+0.4951700, ‘3 sin N’ cos %_ —0.0070817.

13. Perturbations of Pluto by Jupiter

Table 8 gives the perturbations of Pluto by Jupiter. The perturbations
of the logarithm of the radius vector are given to the seventh decimal place
of decimal logarithms, the perturbation of longitude in orbit, longitude
of the node, and inclination are given in hundredths of a second of arc.
Translator's note: ctn = cot.
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3.59
1.55

0.66

0.26
0.10
0.04
0.01

0.07

0.07
0.55
0.48
0.62

TABLE 8
§ logir-107 dw' !
i i - —_— | _ e —
sin I cos sin i cos
. i - -
0 0 —21929 - 408,62
0 . +1743.68n't !
1 | —20151 — 8438 845,19 | —1972.82 -—
1|+ 8901n't + 859.01n"¢t
2| — 7516 — 3130 256.48 | — 604.06 —_
2|+ 3271n't -+ 262.98n"t
3 | — 2609 — 1089 81.31 | — 192.23 —
3| = 1136n't + 83.70n't
4 -— 890 — 372 2622 | — 6213 —
4| = 387nt | -+ 27.04n't
54— 30t — 127 8.53 | — 20.24 —
5|+ 13ln't -- 88In't
6i— 101 — 42 279 | — 6.62 —
6| -- 42nt -+ 287n't
7 |— 34 — 15 092 | — 217 —
7| 14n't 4+ 0.93n't
8 |— 11 — 5 030 | — 071
81+ 6n't +—  0.33n't
9 — 3 — 1 011 | — 024
9| - in't -+ 0.10n't
10 | — 1 -+ 002 | — 0.08
10 <+ 0.03n'¢
1 | — 8 — 0062
— 7 — 0.04 0.02
— 06| — 1 — 2 — 0.10 0.06 —
— 5| — 3 — 6 — 0.32 0.18 —
— 41— 10 — 19 — 091 0.53 —
— 3| = 32 — 56 — 266 1.52 —
— 2| — 91 — 160 — 7.62 4.37 —
— 11— 249 — 434 — 2066 | + 11.86
0|+ 34 + 58 A 284 | — 158 -+
t 13 — 026 | — 022
2 4 — 014 | — 006 —
3 1 — 006 | — 0.02 —
-4 — 0.02 —
5 —
6 -
2 1 —4 — 002 | + 002 —_
— 3 — 1 — 0.06 0.04 —
— 24— 2 — 5 — 0.18 0.12 —
-1 — 5 — 10 — 049 [ + 030 —
0|+ 1 -+ 2 -+ 0.06 | — 0.04 -4
1 1 —
2 _
3 —_
4 _
3 {1 —2 _
— 1 — 002 |+  0.02
0 -+
1
2 —

0.07

Cos

1 9” 24
— 2.76n"t
— 054

— 095
— 0.52
— 023
— 0.10
- 0.04
— 0.01

4+ 0.14
0.69
3.24
17.11

+133.61

— 21.93

-- 66.70

7.79

1.38

0.28

0.07

[

0.07
0.21
0.83
6.28
1.03
3.31
0.41
0.07

Phri++1+

0.55
0.07
0.21

I+

+0. 15

4
T

—+
i

+ 1+

0.27
0.15
0.07
0.03
0.0t

LOooO
NS o
&S S D

5.08
39.75
22.59
20.25

2.34

0.41

0.08

0.0z

0.02

0.12
0.02

0.02
0.10
0.06
0.06

152,40
— 043
— 034
— 016
— 007
— 003
— 00l
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CHAPTER 1V 58
PERTURBATIONS OF THE FIRST ORDER BY SATURN
14. Elements

To determine the perturbations of Pluto by Saturn the elements of Pluto
given in Chapter III and the mean elements of Saturn given by Hill are used.

The elements of Saturn in terms of ecliptic and equinox of 1950.0 are:

Epoch 1590 January 0 Greenwich mean noon

M=284"717

Q= 113°481

i==  2.488
w-= 338.026

e=  0.0560608
a=  9.538843
n=120.455
1 1047.4

m

The elements of the mutual position of the orbits, as in the case of Pluto-
Jupiter, are derived for verification from the two systems of Formulas (63) and
(64), have the following values:

N=1755174, [71-=162509, smé ~=0.127605, «==0.2413813,

N’ =179°3405, IT' =294°202, cos §=0.991825.

15. Expansion of the Perturbation Function

For expansion of the perturbation function in the case of Pluto-Saturn,
the method of Newcomb's operators was used, as in the case of Pluto-Jupiter.
The coefficients of the expansion of the perturbation function were derived
on analytical computers. For verification all the computations were repeated
either in another computer setup, or with replaced counters. The method of

computation has been described in detail in Chapter I, Section 4; therefore
we will not consider it here.
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TABLE 9
T D! D'ci F pid | pd | b | pid | pd
! 3 |
S L —- N - |
| !
0120301276 100523303 |0.1333161 103034825 |0.7685746 | 2.2760571 | 8.124392 | 34.77603 | 174.02
1102468560  10.2582243 | 0.2940814 104108845 |0.8109507 | 22856545 | 8.282705 | 35.68428 | 177.72
2100448020 | 0.0918991 01933510  |0427246 |1.081510 |2.86761 | 9.59589 | 39.037 | 188.94
3]0.00902333  10.0275558  10.0851780  [0.268674 |0.876066 |3.01081 |11.19200 | 46.268 | 217.72
11000190725 | 0.00773475  10.0315011 10130427 10547319 12.35346 |10.48880 | 49.180 | 247.14
510000414518 1000209619 | 0.0106487 ~ 10.0544567 |[0.281123 |1.47080 | 7.84173 | 42904 | 243.64
610.0000917586 | 0.000555805 | 0.00337776 |0.0206194 |0.126636 |0.78419 | 4.91077 | 31.222 | 202.61
7100000205724 10.000145196  10.00102729 | 0,00729156 {0.051973 |0.37250 | 2.68921 | 19.579 | 144.66
$(0.000004656+41 | 0.0000375227 | 0.000302941 10.00245173 |0.019903 [0.16221 | 1.32861 | 10952 | 91.05
9000000106145 1 0.00000961775 | 0.0000872332 | 0.00079309 | 0.0072238 | 0.066021 | 0.605301 | 5558 | 51.67
| |
| ; ‘ . . 1 - .
i cl Dc, D% D - D’ D¢ D', | D%
U S
: :
| | !
01 03523056 | 0.7049659 1.221835 | 3.09661 | 10.5684 | 439670 | 21340 | 11855 | 7433
Il 01956464 1 0.4367986 1.072057 | 304463 | 104004 | 429004 | 208.80 | 1167.0 | 7342
2| 00585937 | 0.1885173 0.633672 | 227484 | 8.94646 | 39.3957 | 196.84 | 11142 | 7077
3l 00164384 | 0:0692006 0.298653 1.33564 | 627444 | 314272 | 17040 | 10107 | 6586
4] 00044539 | 0.0231820 0.122604 | 0.66279 | 368997 | 21.3303 | 129.70 | 8365 | 5771
5 00011808 | 0.0073220 0.045924 | 029224 | 1.89590 | 12.6006 | 8654 | 617.2 | 4609
6| 0.0003084 } 0.0022197 0016119 | 0.1182] | 087884 | 6.6217 51.32 | 407.4 | 3335
71 00000797 | 0.0006536 0.005388 | 0.04483 | 037625 | 3.1970 27.58 | 2426 | 2178
8| 000002043 | 0.00018787 | 0.001736 | 001612 | 0.15122 | 1.4090 13.66 133.1 | 1309
9| 0.00000526 , 0.00005302 | 0.000546 | 0.00557 | 0.05780 | 0.6017 6.32 67.3 | 721
| I S
i c ’ Dc} D% D’ Dcg D% D%
e - ; —L
0 0.1676506 0.457410 1.49389 59222 27.967 152.87 945.4
! 0.0913544 0.323168 1.24681 5.3713 26.248 145.67 910.2
2 0.0372198 0.166211 0.77919 3.8926 21.033 124.27 806.2
3 00132204 1 0.071811 0.40191 2.3382 14.320 93.14 647.7
1 0.0043429 0.027809 0.18189 1.2210 8.482 61.40 465.4
5 00013521 T 0.009992 0.07496 0.5708 4.481 36.26 301.9
6 0.0004058 0.003404 0.02881 0.2477 2.168 19.37 1769
7 00001187 | 0001111 0.01049 0.0981 0.970 9.77 96.4
8 0.0000337 0.000348 0.003682 0.0383 0410 444 48.3
91 00000098 0.000104 0.001233 0.0122 0.162 2.22 23.7
i ¢t Dc D, D! D'
0 0.0554908 0.23887 1.1650 6.447 40.14
] 0.037816 0.18686 0.9970 5.812 37.22
2| 0.018949 0.10960 0.6663 4.298 29.6.1
31 0.008040 0.05390 0.3737 2.698 20.39
+0.003074 0.02343 0.1840 1.492 1245
51 0.001092 0.00940 0.0826 0.744 6.82
61 0.000369 0.00345 0.0342 0.351 349
7| 0000120 0.00127 0.0136 0.150 1.61
81  0.000037 0.00035 0.0050 0.076 1.36
9| 0000016 0.00014 0.0017 0.026 0.30
8
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AL —O

| a'A; a’'DA; a'DA;
2,02701504 |0.0551232 | 0.116584
0.24192817 10.2511134 0.279611
0.04310661 {0.0878910 0.182650
0.00852116 |0.0258920 0.079300
0.00176911 {0.007138641 0.02689316
0.00037757 | 0.00190013 | 0.0095866
0.00008207 | 0.00049481 1 0.0029883
0.00001807 | 0.00012696 1 0.0003929
ﬂ,GgB" a'Da'lB,- a’ D2 i
0.0044611 1 0.0056118 0.009471
0.0015528 | 0.0034354 (.008294
0.0004567 | 0.0014587 0.001845
0.0001258 | 0.0005263 0.002249
0.0000335 | 0.0601732 0.000908
0.0000087 | 0.0000537 0.000335
a’'aiC; a’D3'C; a'D%s4C;
0.000016 0.000044 0.000140
0.000009 0.000031 0.000117
0.000004 0.000016 0.000072
0.000001 0.000007 0.000037
ﬂ,DcAi (Z’DD:A[ lZ'D"’D:xA,'
—0.04765305 ~0.m4957‘2 —0.251305
—0.07653286!-—0.1089603| -—0.2171896
—0.02609167|—0.0611337| —0.1608236
—0.007607 14|—0.0251716} —0.0879 351
—0.00208452] —0.0089375] — 0.0393()79|
—0.00055241] -0.0029119 ~0.0156-181
--0.00014335! —0.0008972| --0.0056891
—0.00003666] -0.0002656 AO.OOIQ»HGE
‘ a’'D;s%B, ! a'DD5 328,
. L .
0.06937696 0.0861063
0.02371874 0.0520030
0.00684691 0.0217061
0.00185055 0.0076891
0.00048288 0.0021831
0.00012326 0.0007557
H’DJG‘C,' a’DDuﬁ‘Ci
0 0.0005081 0.001354
1 0.0002706 0.000941
2 0.0001073 0.000472
3 0.0000370 0.000198

TABLE 10

a’' DA, a'DVA; u'DvA; | ' DiA; | a'DiA; | @' DA,
0206888 | 061357 | 166304 | 5250 | 15774 | 5147
0.369917 0.6656+4 1.68864 5.4060 | 16.9651 59.59
0.393730 0.90698 2.33321 6.970 21.307 7555
0.216199 0.78137 257155 8912 y 3).386 113,12
01180211 0.43610 2.03372 8.680 | 35.926 156.00
0.0485392 0.24599 1.26788 6.562 | 32.777 169.50
0.0180344 0.10976 0.66983 4103 { 24222 147.35
0.0062877 0.04436 0.31483 2.231 | 15.180 106.85
a’' D32 B; a'D's2B; | a’'Ds5s?B;{a’Disth;

0.02319 0.07633 0.3000 375

(.02294 0.07362 0.2942 352

0.01707 0.06534 0.2733 293

0.00992 0.04566 0.2189 A3t

0.00485 0.02659 0.1479 .867

0.00211 0.01349 0.0865 577
H'D‘J‘Ci a’D':‘C,»

0.00054 0.00248

0.00019 0.00233

0.00035 0.00186

0.00021 0.00125

TABLE 11
«’'D*DsA; | a'DiD;A; | a’D*DsA; | a"DiD A, ! a’'D'D:A; | a'D~D;A;
—0.6859039 | ——2.219608 | —8.26809 1 —36.47G} f -—297.8301 11873.'%;:)
—0.6009318 | —2.079042 | -—8.07720| --36.1459 | —-293.4532] --1831.54
-0.49312751 —1.787659 | -7.267431 —33.9401 , --277.8854) - -1777.28
-0.3300236 | —1.364982| --6.020761 —20.8157"° 243.9191{ 1639.47
~-0.18194301  0.8825167 -—4.40492 1 -23.92058 --_ .7.7232 -1428.51
al).OBG‘ZSOO‘ —0.490551 279403 | -17.0162! *1584727-1“ - 1161.97
-0.0366822 | —0.241315 | —1.56909 ' —10.7559 [ —100.7145 -~ 868.06
—0.01 14396 —v0.108428‘ 770.78305{ - 6.0752; 68.9705“' — 592.69
@' D*Dss?B; | a'D'Ds33B; | a'DiD:3B; | a'D-Ds32B,
0.141288 0.333197 1.05535 3.79437
0.123161 0.332268 1.05392 3.71673
0.071219 0.246189 0.91567 3.53853
0.032537 0.141347 0.63669 2.55289
0.012910 0.068179 0.36708 1.91521
t 0.001667 0.029103 0.18362 1.10435
a’D2D o3'C; a'DDge'C,
0.00428 0.01625
0.00354 0.01470
0.00217 0.01051
0.00109 0.00619
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a'D’'R 10

ar I8 o

a’ f)_/_f .10+
oW

a’'R-10!
sin cos
— 41015617
- 150.8 2715.3
§7.2
439 ' 201.0
20.0 59.0
9.1 18.2
3.5 5.3
0.8 1.1
1
4 i 5
— 6 19
— 71 87
— 420 415
— 2323 2129
— 14000 12530 -
—120210 | 4-107081
- 45902 | — 41985
1712 | 4 1216
235 107
41 14
7 3
-+ ]+ 1
— 4t~ 1
— 12 | — 5
— ul— 10 )
— 56 — 13
ST "
—_ 271 k -}-

18 |

sin ; cos

—10466.6

- 3132 | - - 3098.2
7012 . —— 1987

— 1086
— 527
— 240
— 96
— 23
— 9
— 40
— 1o
312
— 1001
— 3667
— 16908
125512
4~ 45866
1802
299

74

20

8

3

156
321
572

844.8
244.0 |

68.5
20.9
3.7
0.1
5

15
52
197
757
3078

14885
+ 111876
— 41855

1315
145
27

7

i

|

4- 107082
— 41689

+
+

|+

153.1
101.6
56.5
278
12.8
5.0
1.3

4

4

52
384
2267
13939

4120260
— 48011
3664 !

385
60
10

1

24
31
111
24
489

,{_

131.7

65.0
26.3
9.8
4.2
1.3

[«

2
93
422

o

2138

-- 12538
—107084

41937

1138
98
13

2
1

sin \ cos \ sin ‘ cos

§ 10

146.9 i
-- 810 )
— 358

‘—— 157
o
!—' 1.9
{
!
]
i

+
=0

— 52
— 383
— 2266
13939
-—- 120218
- 45936
1618
224
40

o oo

|
»

-— 26
- 82
- 113
— 28
- 439

L D\R-10¢
n

sin \ cos

-- 27153 1 4- 1508

- 1408.5 174.5
— 6034 | 132.3
— 2364 80.7
— 906 449
—  3l5 21.1
— 16" 5.0
+ & -+ 1
35, — 8

116 o 10

135 | 355

1662 1682
6387 6970
25039 27998

-+ 107081 1920210
0 { 0

— 1216 1712
— 23 i 468
— 3y 123
- 9, 31
—_ 2 . 5
‘ 1
] 334
- 61 624
+ 69 108t

19/
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TABLE 12 (continued)

e 'R-108 @’ D’'R-10: a'DsR-10t __[__ 0'5‘—57-10‘ ’_ a'%%-lO-‘ | %D}R.lot
sin cos sin cos sin cos sin cos sin ! cos } sin } cos

— 3 - T ) o

| — 80 218 | 1 701 445 302 | — 12 | 4 158 972 1 -- 160 - o7l ‘ 61 1801

| 200 1435 | — 625 1630 681 | — 312 1399 267 | 1405 | - 264 B0 | 4016

—13562 | +12143 | - 13012 | 412212 | 43610 | —3043 | 412142 | +13521 | —12156 - 13308 | 12143 13562

O o 5154 | — 4686 | - 5107 | —- 4747 | 2086 | -+1218 | — 4670 | - . 5374 | 4609 L 5166 0 0
! 19 | + 143 182 | + 119 | 44790 612 | -+ 61 | b 415 . - 142 193 | - 143 . 196
2 29 15 B3| + 6 597 93 4 46; -~ 16 29 - 58
3 3 3 0 116 2% 0 8! —~ 3 T, - 8 17
4 0 1] — 1 26 4 ol 1 2 0, 2 2 7
Q + 8 o1 | ; 2

~10 2 3 . -1~ 4 9 il = 9 5

~9 3 9 — 2| =1 % - 8l — 9 !

— 8 5 15 — 10 ] — 17 B — 11— 48 12

-7 10 23 — 16 | — 2 B~ 2B — 16 29

— 6 19 39 — 2 — 44 ( 123 0 — 57 | — 123 i 38 l

-5 30 57 — 27 | — 66 177 | -~ 94| — 176 9 |

— 4|4 2 700 — 159 | —— 957 | — 95 | — 8 204 o7 b — 202 108 280 ' . 111

—~3i— 15! 67 | — 114 | — 130 0| — 80 150 | - 32 —— 145 b 34 199 45

— 2 — 186 "o { — 64| + 271 4 79 | — 8l 8 | - 228 — T8 : — 25 238 374

— 1] — 1290 | 4 1147 | - 1312 | -+ 1179 | £ 343 | — 301 | 1150 | -} 1286 | s 12 T 1290
O 4+ 480 | — 447 | 4 485 | — 492 | — 9200 | + 8% | — 414’ — 510 + 449 + 190 | 0! 0
1 18— 13 17 14 | 4 451 8 4+ 5 4 18] — 12 { 190 - 13 18
2 3 1 55 6 0" 0 = 1 3| 2 5
3 1 0 1 1 0 1 : . 2
4 2 0 l ' { ’ !

— 2/ — 18 12, — 3 16, — 13 -~ 8 9 2 — 11 2 29 35

— 1 — U8 |+ 106 [ — 18| -+ 107 | - 30 — 31 | 45 106 | - 18| — 106 -- 118, e 18
O 43|— 3| + 3] — 4] — 25 4 8|~ 3| - ’ + 0] B 0 0
1 3 0| — 3 ol - n 6 0 3 ’ 0 3 ' 3
2 5 0| | i !

[~




The derivatives of Laplacian coefficients are computed by Innes’
method. In determining the coordinates of expansion of circular motion we
limited ourselves with Formulas (3) and (11) to the same terms as in the case

of Pluto-~Jupiter.

Tables 9, 10, and 11 give the values of

{ 2 4
D¥!, D, D'¢'; a'D"'A, a'd’D'B, a's'D"C,

a'D"DqA’,, a’D*DS°B,, a’D"D3'C.

The values of the factors for obtaining corrections in the operators for
the indirect term in the case of Pluto-Saturn (Chapter III, Section 10)

will be:

( —o%) =16.883526, 20 %a+=4.380167,
~%6%=0.279465, —2a~ (1 —35")=—33.767052,
—2u" %= —4.380167, 227"~ 0.558930.

Table 12 gives the coefficients of expansion of the perturbation function
a'R and of its derivatives

a’D'R, a’'D.R, ar 2B g OR

a oy
ow’’ ow’ o DR

16. Determining the Perturbations of the Logarithm of the
Radius Vector, Longitude in Orbit, Node and Inclination

The computations were conducted according to the formulas and systems
given in Chapter TII.

The values of the integrating factors are:

PLUTO-SATURN

;

i i v i i’ vy i i’ Ve i i Vir
0 1 --1.0000000 -6 -0.4109393 —9 +0.1271149 —10 | 1.0.0653580
2 0.5000000 —5 0.2912522 —8 0.1127790 — 9 0.0013484
3 0.3333333 —4 0.2255580 —7 0.1013490 — 8 0.0578023
4 0.2500000 -3 0.1840450 —6 0.0920226 — 7 0.0546438
5 0.2000000 -2 0.1551376 —5 0.0842680 — 6 0.0518125
6 0.1666667 —1 0.1345270 —4 0.0777188 — 9 0.0492602
7 0.1428571 0 0.1185754 -3 0.0721142 — 4 0.0469476
8 0.1250000 1 0.1060058 —2 0.0672635 — 3 0.0448423
9 0.1111111 2 0.0958456 —1 0.0630243 — 2 0.0429178
10 —+0.1000000 3 0.0874627 0 0.0592877 — I 0.0411517
4 0.0804282 1 0.0559694 0 0.0395251
1| —11 —0.3896280 5 0.0744410 2 0.0530029 1 0.0380223
—10 —0.6383451 6 0.0692835 3 0.0503350 2 0.0366296
— 91 —1.7650674 7 0.0647943 4 0.0479228 3 0.0353352
— 8 +2.3070740 8 0.0608515 5 0.0457312 4 0.0341293

— 7 0.6976179 6 0.0437313
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3 1gr10?
sin cos
— +4-3307
42887 1242
—1124 n't
41061 461
— 413 n'¢
-4- 368 160
— 144 n't
4+ 126 54
— 49 n't
+ 42 18
— 17 n't
4+ 14 6
— 6 n't
+ 5 2
—~— 2t
1
- 1n't
+ 2
— 3 — 5
4+ 8 0
6 0
7 — 2
12 — 7
29 — 24
78 — 68
-+ 207 — 184
— 27 4- 25
— 6 + 1
— 2
=
+ 1 —
+ 6 - 5
— 1 + 1

TABLE 13

sin

—121.55
— 37.28
— 11.86
— 3.84
— 1.25
— 041
— 0.14
— 005
0.02
0.01

0.02
0.09
0.92
0.06
0.12
0.18
0.41
1.13
3.21
8.70
1.17
0.10
0.02

l

TP T4+

_}A

0.02
0.09
0.25

P

o w’

cos

— 61.61
--216.53 n't
1.277.56
-108.48 n't
+ 85.05
33.20 n't
27.07
10.57 n't
8.75
341 n't
2.85
1.11 n'¢
0.94
0.36 n'¢

FUT T+ [ R L 4
o
=

OO0~ 0w OO00000000

oo wWNL

Mowuv—bobooo

Frbi+el I+
— B L OO0 QO ] OD — OO0 W Q0 s e s

oooovoooso
DO~ OO OOO
R Q0 W 00 UT I KD — am

N

— 246
— 1.29
— 0.60
— 0.26
— 0.10
— 0.05
— 0.02

Cos

5.63
281 n't
0.07
— 0.62
— 047
— 0.21
— 0.08
— 0.04

.— 0.01

iy
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sin

+ 003
0.20
0.15
0.07
0.03
0.01

[ ===
R B SR G S o

R I I A IR A

COCOOCOCOOCOO00
ocooovoowo <

AL+
8

3080
— 0.04
— 024
— 0.14
— 0.06
— 0.03
— 0.02

— 0.10
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To determine the constants of integration at the initial moment, the
moment of osculation 1930 September 20.0 was also taken. The values of the
constants determined by Formulas (67) are given below:

a’ C,=1.92450,
a’ K,=0.14707,
@’ K,=2.38300,

C,=2.14096,
C,=—61.61.

Verification:
A0 = -0,068,

(AO) = -0.066.

Table 13 gives the perturbations of the logarithm of the radius vector,
longitude in orbit, longitude of the node, and inclination.



CHAPTER V /65
PERTURBATIONS OF THE FIRST ORDER BY URANUS
17. Elements

The initial elements of Uranus taken according to Newcomb are:

Epoch 1900 January O Greenwich mean noon

M,-=74°314
§ =73.711
i= 0774y e:ﬁﬁgili%o.o
0 =96.036
e= 0.047 044
a-=19.190979
n==42234 34
1. —29869

Formulas (63) and (64) give:

N=-217°451, [T-238°585. siné::0.143694, o= 0.485 630,
N’--181.597, IT =291.945, cos§:0.989622.

18. Expansion of the Perturbation Function

The chief difficulty in expansion of perturbation function in the case
of Pluto-Uranus, results from the comparatively large value of o and 0. At the
given values of o and o the series deternining a’4,, a’¢*B, ..., converge
very slowly. 1In addition, the integrating factor with a commensurability of
1: - 3, as will be shown in Section 19, assumes the value V = —23.236119,
which also demands increased accuracy of expansion of the perturbation function.

In order to insure the seventh place after the decimal point in the
logarithm of the perturbed radius vector and 0Y01 in the perturbed values of
longitude in orbit, longitude of the node, and inclination, we must have:
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TABLE 14
i o D} D} Dt D“c’1 Dicy Drel : Dicy
,—_l_— - - el e
0,2.1366956 | 0.3186380 | 0.8561020 | 2.862381 | 1256207 | 71.20731 | 500.9088 | 4209.598
105362484 | 0.6561340 | 1.106787 | 3034856 | 1278660 | 7218991 | 506.1082 | 4210.284
2101975359 | 0.4444023 |1.125410 | 6.486879 | 14.19339 | 76.54974 | 523.9531 | 4330.554
31008040430 | 0.2623894 09104109 | 3.493250 | 1557728 | 84.28910 | 561.8992 | 4345.817
41003428644 | 0.1464652 | 0.6495680 | 3.053888 | 15.66875 | 90.79976 | 612.5677 | -1881.338
5[0.01502110 | 0.07927485 (04290948 | 2411390 | 14.31611 | 91.85906 | 633.7230 | 5279.73
6.1 0.006698260 | 0.04207681 |2.2691760 | 1.767281 | 12.03926 | 86.36991 | 664.8005 | 5601.207
770.003024434 | 0.02203281 |0.1627302 | 1.221887 | 9.464438 | 75.81430 | 637.7918 | 5724.095
80.001378351 | 0.01142300 | 0.09569058 | 0.8132281 | 7.046596 | 62.67757 | 577.4532 | 5573.959
9 10.0006326955! 0.005877400 | 0.05507136 1 0.5218812 | 5.019691 | 49.24082 | 4957746 | 5165.851
101 0.6002020880! 0.003005916 | 0.03115431 | 0.3258408 | 3.448150 | 37.04926 | 406.0601 | 45(7.001
11]0.0001354747| 0.001529852 | 0.01737853 | 0.1988918 | 2.297896 | 2687141 | 319.1404 | 3866.666
i ey Dy t D2y Dy Dicy Dacg Drcs, Dict,
01 1.762871 4141592 | 158215 | 849766 | 578.598 | 4746.39 | 45600.3 | 501788
1| 1174740 3723481 | 154295 | 83.7694 | 572.116 | 471051 | 453504 | 499692
2| 0.890374 2.829324 | 13.6081 | 78.9069 | 552725 | 4602.01 | 44388.0 | 493307
3| 0384507 1.945874 | 109278 | 69.8219 | 515342 | 4404.31 | 432546 | 482334
4] 0.207948 1.254988 | 614560 | 57.9474 | 459.261 | 4096.28 | 412166 | 466032
5| 0.110305 0774152 | 573126 | 453908 | 369.993 | 3677.91 | 383541 | 443283
6| 00577368 | 0.462239 | 385466 | 33.8335 | 316.100 | 3177.69 | 34679.1 ] 113235
71 00299259 | 0.269231 | 250115 | 24.1834 | 245521 | 264147 | 303765 ! 376032
81 00153947 | 0153780 | 157643 | 16.6851 | 183598 | 211629 | 257503 ! 333097
91 000787231 | 0.0864627 | 0970103 | 11.1717 | 132776 | 1638.63 | 21137.2 | 286849
10§ 0.00400617 | 0.0479866 | 0.585150 | 7.29121 | 93243 | 122995 | 168264 | 240112
11} 000203055 | 0.0263444 | 0347017 | 465492 | 63813 | 897.645 | 130161 | 195509

|

i ct D} Dl Dact Dack Dict | Dock-107YDcl- 1072
0| 212810 11.0221 72.876 586.96 5562.3 60560 74446 | 101946
1] 1.82638 10.2794 70.181 572.75 5465.6 59766 73684 | 101108
2| 1.34494 8.5398 62.589 53111 5180.9 57420 71422 98615
3| 090588 6.5070 52.037 467.54 4728.6 53630 67738 94531
4| 057575 46480 40734 | 39147 41502 48611 62771 88968
5 0.35135 3.1604 30316 | 313.01 3504. 42707 56747 82103
G| 1.20807 2.0675 21.630 240.17 2850.3 36352 49986 74192
7| 0.12040 1.3114 14.897 177.68 2239.5 29996 42876 65574
8| 0.0068413 0.81110 9.9580 | 127.31 1704.5 24025 35811 56644
9| 0.038299 0.49126 6.4893 88692 | 1260.3 18709 29142 47808
10| 0.021179 0.29233 4.1374 60.279 907.84 14193 23129 39433
11| 0011591 0.17135 2.5883 40.084 638.70 10509 17924 31801
i c Dct D2 D3 | Dach-1071| Dscl.1072 Docé 1073
0| 3.0723 24.895 235.9 2563 3143 4291 6458
1] 2.8452 23.748 228.5 2504 3087 4230 6383
2| 23418 20.783 207.8 2334 2924 4052 6164
3| 17692 16.916 178.4 2079 2672 3771 5812
4| 1.2547 12,975 145.4 1773 2357 3409 5351
50 08480 9.4794 1132 1453 2008 2993 4808
6] 05520 6.6539 84.77 1147 1656 2554 4216
7| 03487 45174 61.32 876.4 1324 2121 3608
81 02149 2.9819 43.06 649.8 1029 1715 3015
91 01297 1.9218 29.46 469.0 778.6 1352 2462
10| 0.0770 1.213¢ 19.70 330.5 575.1 1041 1966
11} 004503 0.75255 1291 2279 4154 784.2 1537

~
o~

Drc|

41140.85
41356.97
42058.70
43413.58
4572411
49011.38
52693.91
55742.57
H7139.90
56280.:2
53115.66
48065.17

Ak
Drey,

6220929
6200417
6138209
6032182
5877728
5666389
5387614
5034062
4607218
4119824
3594174
3057510

De 10‘

153839
152820
149725
144636
137661
128962
118773
107412
95281
82840
70562
58879
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TABLE 14 (continued)

WL —o

i ch Dc;, Dzeg D3cg Dicj-1072
0 4.800 52.87 (563.1 8955 1351
1 L5569 51.02 635.9 8771 1329
2 3.986 46,08 5H87.8 8241 1263
. 3.233 39.14 517.1 7437 1162
4 2.46G9 31.57 4349 (459 1034
5 1.793 24.33 351.0 5412 5922
6 1.268 18.03 273.1 1384 747
7 0.862 12,92 205.7 3443 608
h 0.561 8.996 150.3 2631 182
9 0.361 6.106 107.2 1959 373
10 0.227 4.055 7:L7 1425 282
11 0.141 2.641 50.9 1014 209
TABLE 15
ll,A; a’I)Ai a'DZAi a’DaA,- a'D"AI aID‘r’Ai (l’D“A[ a’l)7A,- G,DBA,’
)
2.114093 0.250110 0.593627 1.571546- | 4.642976 13.7447 21.505 | — 27425 | — 4363
0.512395 0.592342 0.857119 1.766579 | 4.937302 14.9753 27452 | — 24271 -— 4200
0.182617 0.392871 0.902105 | 2295233 | 6.600466 20.2639 48.626 | — 138.90 -— 3643
0.0719685 | 0.225724 0.726997 | 2429370 | 8.456797 29,9052 94.143 + 88.48 - 2473
0.0297277 | (.122:415 0.510320 | 2.159166 | 9.256941 39.5888 159.120 477.19 S 242
(0126210 : 0.0643401 | 0.329925 1.701772 | 8.805939 45.2234 223.782 985.10 + 3258
0.00545591 | 0.0331578 | 0.202037 1.233262 7.521026 45.4991 268.591 1497.37 7675
0.00238897 | 0.U168591 | 0.119071 0.810797 | 5.922958 41.3937 284.484 1893.13 12283

a’s® B; { a's®*DB; | a'e? DB, | a’e*D3B; | a’e*DiB; | a's?DsB; | a'e? DSB; | a’s® D7B;
|

0.017137  10.037025 0.126304 | 0.593849 3.45295 23.535 131.457 4374.41
0011117 10.032997 0.123599 | 0.588345 3.43239 23.486 181.509 4351.56
0.006338 | 0.024566 0.168405 | 0.557831 3.35903 23.317 181.832 4286.21
0.0034230 ,0.0164748 | 0.085861 0.493830 3.17339 22818 181.540 4176.83
0.0017935 10.0103384 | 0.062791 0.407142 2.85055 21.688 178.864 4021.67
0.0009220 10.0061978 | 0.043201 0.315008 2.42368 19.798 171.842 3814.22
0.000-16772 | 0.006359406 | 0.028352 | 0.230935 1.95244 17.270 159.520 3548.90
0.00023496 ' 0.00203249 | 0.017928 | 0.161896 1.50316 14.469 159,273 3226.00

i
a'sd C; a’st DC; | a'ed D2C; | a’ed D3C; | a's? D4C;

0.000295 | 0.001428 | 0.008584 | 0.061927 | 0.518392
0.000252 | 0.001322 | 0.008244 | 0.060382 | 0.509486
0.000181 ; 0.001081 0.007288 | 0.055795 | 0.482976
0.000118 | 0.000805 [ 0.005971 0.048752 | 0.440115
0.000073 : 0.000561 0.004587 | 0.040352 | 0.384592

!
TABLE 16

Gu'DsA; ca'DDsA; | ea'D?*D:A; | oa’'D3¥DsA; | ea’DADsA; | 0a’D3DsA; | ca’DSD3A; | sa’DiDsA;

-~

—0.042154 | —0.121150 | —0.430680 | —1.906054 | —10.090664 | —60.13036 | —362.758 | —1462.88
—0.044998 | —0.113152 | —-0.408246 | —1.867238 | —10.046902 | —60.29012 | —367.764 —15609.76
—0.027688 | --0.090770 | —0.364982 | —1.761670 | — 9.819258 | —60.38192 | —376.438 | —1643.18
-—0.0153560 | —0.063746 | —0.298364 | —1.578714 | — 9.327518| —59.77172 | —386.832 | —1845.00
—0.0081346 | —0.041150 | —0.224462 | —1.327788 | — 8.493428 | —57.72142 | —393.700 | —2079.20
—0.0041964 | —0.0251086 | —0.157894 | —1.048712 | — 7.348630| —53.72082 | —390.824 | —2295.52
—0.00212792 —0.0147204 | —0.105376 | —0.783142 | — 6.038456 | —47.83746 | —374.554 | —-2445.70
-—0.00106626] —0.0083784 | —0.067450 | —0.557372 | — 4.721308 | —40.67576 | -—343.956 | —2485.28

Noviewo—o |
|




TABLE 16 (continued) /€8

1
i sa’' Ds32B; sa’DDss2B; sa’' D2D53%B; ea' D3D ;5 B; ca'DiDaB; | su'D3Dss2B;
, L
T o e ':; o d - 5 ' 13,852
12 0.064066 0.191794 0.751160 335016 | :
(1) 8'8%?3’98 0056526 |  0.188678 - 0.751074 330074 | iééﬁ‘i
3 0.011254 0.041112 0.164428 0.723828 3.40088 } 14974
3 0.058708 0.026770 0.128004 0.642.154 3.31262 15504
4 0.029658 0.016258 0.091364 0.525208 303156 | 16242
5 0.014696 0.009411 0.061042 0.399350 2.59012 | 5.6
i % ea’Ds3dC; su’'DDssdC; aa'D*DqsstC; _ca'.D“D;s“Ci
0.001116 0.005144 0.029388 0.199618
(1) 0.000936 0.004742 0.028178 0.194588
2 0.000662 0.003846 0.024788 0.179496
3 0.000422 0.002822 0.020140 0.156220
. with ‘
a'DAy, a’e*DB;..., a'D A;, ¢'Dc*B; . .accuracy to 10~
a'DA; ... » » 10 3
a'D3A; oo e » » 1072
a'DYA; oo » » 0!
a'DSA; .« . ..o .. » » o
(l'DGAl ................ T » 10~
a'DIA; oo » » 108
a’D8A; oL » » 10

. k 12
The expansion of D a'Ai was extended to o but further computations
showed that it could be restricted to 68 and terms of the second class. 1In

computing the derivatives of the Laplace coefficients, Innes' method was used.

Tables 14, l?, and 16 give the values D" £ , a’D A, a’GzD"Bl., a'sDfC
s0’D"D A, sa'D*D¢'B,, ¢a'DDd'C,.

Corrections for the indirect term of the perturbation function to the
operators was obtained by each of the following factors:

“2(1—0%) =4.152683, 2¢"%6=1.218592,
072 =0.087552, - —2a ?(1—d")=—8.305360,
—20 % 5= —1.218592, —Qa—? ?= —0.175104.

The expansion of the perturbation function was conducted by Newcomb's
operator method on analytical computers (see Chapter I, Section 4).
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Table 17 contains the coefficients of the expansion of perturbatlon

function a'R and its derivatives a’D'R, a'sDR, o IR IR

19. Determination of the Logarithm of the Radius Vector,

Longltude in Orbit,

Longitude of the Node,

2 DiR.

ow’ T ow w

and Inclination

Computation of the perturbations was conducted by formulas and systems
presented in the precedlng chapters.

The integrating factors have values given below.

' | . -
i i’ ‘ Vii “ { { i
. |
1 .1o0o000 , 2 | --15
2 l 0.500000 . —14
3, 0.333333 13
4 i 0250000 ~12
5 | 0900000 1
0O 0.1600067 10
C7 0.1:2857 -9
[ : ‘ -8
| 13+ - 0000571 -7
12 - 0110582 — 6
1! 0124331 —5
10 - 0141984 — 4
-9 0.165180 I — 3
oy 0195293 I 9
7 0.247339 1 ]
- 6 0828519 ¢ 0
-5 l - 0.489468 l’ 1
— 4t - 0953739 { 2
-3 23236119 3
— 2, - L0HeT2 4
11 0.510996 | 5
0 i 0.338185 -
[ 0252710 v 3 b L7
0 0.201736 . 16
3 0167871 -15
4 0.143741 14
5. 0.125676 . 13
i 6! 0.111645 —12
fl I

PLUTO-URANUS

—-- 0.110059
— (.123669
- 0.141122
-- 0161310
-~ 0.196615
- 0204730
-~ (.32:1036
-— 0.179370
0.920748
—~11 613059
-+ 1.094179
0.5224806
0.343179

0.255498 .

0.203503
0.169092
0.144636
0.126360
0.112184
0.100868
- 0.601026

- 0.12301,
- 0.140270
- 0.163156
--- 0.194966
-—- 0.212183
- 0.319804

£ ¢ i ! i i
N
l
]

31 --11| —0460680 14 | —3
—10 | —0.883654 || -2
— 9| —7.745373 | =1
— 8} 41148230 0
-7 0.534505 | ] 1

R ] 0346224 & 1 2

| -5 0258333 3
— 4 0.205301 |

-3 0170332 || 5 | —15

— 2 0.145512 —14

— 1 0.127050 | —13

0 0.112728 | —12

1 0.101308 ! —11

2 0.091989 ! ~10

3| -F0.084240 —9

4| —0.077695 —8

, -7

4 | —14| -—0.460374 -6
~13 | —0.853136 | --.5
--12 | —5A.808020 ! 4

11 41207942 3
-10 0517090y, -
-9 0.333625 1 1
-- 8 0.261243 0
-7 0207131 )

-6 0.171590 -
-5 0.146459 !

-4 0.127749 H

0.1132738
0.101752
0.002354
0.084546
0.077955
0.072318
4-0.067-111

- 4047224
+1.974181
0.560281
0.359090
0.264214
0.208994
0.172866
0.147388
0.128455
0.113833
0.102196
0092723
0.084855
0.078218
0.079544
0.067637

As previously, the initial moment 1930 September 20.0 was taken in de-
The constants determined are Formulas (67):

termining the constants.

a'Ci= 25109,

@K, —=— 4.0125,

@K, =— 28.665,
Cy= 17044,
C, - — 842790,
C,—  0.7025,
C,=--—1.1989.
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TABILE 17
oR oR a’ .
'R.10t ‘D'R.10¢ ‘DiR-10 a’ —-10¢ a’ ———- 104 -—D,R-1t
. a’R-10 a’'D'R-10 sa’DiR-10 v W ot
i -
sin cos sin cos sin cos sin cos sin cos sin cos
0 — 10639 — —12057 — — 251 — 19 — - 12 - —
1 302 2753 — 728 — 3641 — 38 — 176 205 325 | - 239 | -~ 310 — 2753 303
2 226 609 — 692 — 679 +110 -— 202 270 302 | — 136 | — 140 — 1221 455
3 128 111 — 463 + 62 108 — 160 208 181 — 63} - 44 — 340 382
4 62 -} 3 — 230 158 61 -— 96 127 84| — 26! — 6 — 12 248
5 2B [ — 16 — 88 131 23 — 52 73 + 2| — 10, + 4 - 83 129
6 10 | — 13 — 23 79 1, — 29 35 — 3 — 4 + 2 72 &7
70 + 5 1 — 6| — 17 + 38 | 4+ 3 — 14 + 17 |+ 5 0| 0 39 37
—8 — 8 -+ 5 + 60 — 7 + —23 — 6 — 1 35| -- 5 - 8 41 62
. —7 — 22 11 120 0 — 34 — 24 — 14 76 | — 7 ] — 33 74 149
: —6 — 26 28 164 -- 60 — 60 — 20 . 1 1Hn8 ' -— 13, - 50 ; 170 156
=51 — 16 87 . + 117 — 309 —102 — 15 87 1781 — 787 -~ 70 431 4. 82
=4 4 10 181 — 252 — 875 —146 — 35 216 ! 242 . 193 — 107 720 - 36
P —3 — 8 4+ 176 — 1906 — 2294 -141 —-— 72 250 ! 381 - 218 - 284 - 531 - 238
~-2 — 2098 — 1347 — 7942 — 6596 — 31 — 83 — 1252 2303 4+ 1267 - 2324 - 2691 4196
—1 —28180 —21018 —41192 —30403 -1-963 -+ 721 --20985 428167 . -+.20991 —28149 —21018 . +28180
0 +-12466 -} 8896 -+11895 + 8976 —693 1095 4- 9659 © --12571 - 8970 -L12490 0 ! 0
| — 75 + 473 — 250 1199 4211 +1336 - -- 79t - 4 311 — 517 - 77 . — 473 — 75
b2 — 6 — 19, 4+ 22 507 —17 .+ 4 -+ 4 -~ 17 4+ 14 + 6. + 37 - 1
3 — 10 - 33 55 229 — 29 — 49 26 — 29 37 — 1 101 — 29
4 — 7 — 19 49 95 — 21 — 21 -+ 7 - 18 21 - 5 71 - 32
. D — 6 - 6 36 28 — 14 - 5 - 3 ,— 16 8 - 3. a1t | — 31
1 6 ' — 3 - 4 . 20 10 — 6 0 —- 1 - 6 4 4 - 2 21 . - 14
—9 + 10 - 12 ; — 101 — 23 31, + 61 |+ 1 - 25 4+ 19 111 — 88
—8 . 14 1 34 . 28 -- 187 . — 45 25 122 - 29 . 8 14 269 — M9
-7 i 44 | 35 — 49 — 207 ‘ ~- 52 23 133 - 10 - 95 53 251 — 310
—6 | 152 | 31 —- 412 -~ 247 | — 74 ] 50 177 -- 221 . 110 260 195 — 913
-5 372 - 4 75 — 1132 -— 230, -122 . 55 4o 186 - 663 - 114 693 ! 36 1857
—4 770 109 - 2495 4- 144 ¢ --1%0 ; 38 -- 36 1487 -+ 86 1494 - 438 -- 308t
—3 l 1276 — 365 - - 4353 912 ' 253 - 33 . - 5885 - 2600 588 2577 1096 - 3827
-=2 | - 1170 . 750 ©  — 5223 -I- 1351 -274 73 - 1247 2724 1288 2698 1503 - 235
; -1 - 3124 i 2181 .- 2478 -- 2313 I 41 -t 43 - - 2098 + 3201, -+ 2175 - 3378 2183 ;374
i 0 {- 1056 ' -}- 766 -1+ 1634 -t 1145 --280 - - 201 -+ 886 - - 1193 693 -t 949 0 0
o1 -—- 66 29 259 199 -~ 75 4111 103 4 326 - 7 120 - 29 66
2 — 25 3 127 B4l — 39 15 24 3 -+ 10 50 2 49
3 - 9 3 56 - 4 — 14 9 - 13 4 - 0 21 6 - 30
4 —— 3 2 18 - 12 2 6 7 2 - 2 - 7 - 6 13
5 - 1 - 1 -k 7 - 8 — 1 6 - 4 -+ 1 - 2 0 - 4 - 6
S~
~J
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TABLE 17 (continued)

’ OR ¢ OR i a’ 2
1R.10¢ a'D'R.10 sa'DsR 10" a'—-.10 a’—=,10 — D, R-10'
p @RI R R10 oW oW w0tk
sin cos sin cos sin cos sin cos sin cos sin cos

-10 + 20 - 10 - 116 -— 22 + 10 43 12 - 81 - 30 + 62 - 100 - 205
-9 48 — 3 — 224 — 101 — 14 51 80 —161 - 2 157 — 29 - 436
— 8 59 — 23 — 253 — 16 e 25 42 4 23 —175 - 17 176 — 186 - 478
-7 106 —117 — 476 -- 384 — 19 73 — 258 -~341 206 322 — 819 — 739
— 6 133 ~-2565 — 820 950 — 47 107 - 660 =604 689 576 —1528 —1095
-5 249 ~~4858 ~—1080 1847 — 79 126 —1286 ~803 1304 773 —2284 —1251
-~ 4 271 —625 —1090 2687 —101 152 -—1849 —838 1840 810 —2498 —1088
-3 +173 ~-489 — 618 +-92016 — 92 134 —1479 —522 --1475 -460 -~1466 — B17
— 2 — 69 -+121 + 278 — 622 — 90 20 -4 379 + 100 — 411 213 -+ 239 - 140
— 1 —320 ~—146 158 -— 341 —116 71 — 159 --325 + 92 —A473 — 146 - 320
0 -+ 62 - 83 251 — 12 ~— 50 20 4+ 80 -~ 62 — 106 4 8 0 0
1 — 10 8 47 — 46 —_ 7 11 5 + 16 — 22 — 29 — 8 — 10
2 0 3 4 3 — 25 o3 6 4+ 01 8 — 11 — 2 -~ 6 — 1
3 0 2 — 4 — 10 5 3 4 — 5 41 - B + 1

4 0 0 — 4 — 6 3 1 + 2 — 2 — 3
—11 — 2 — 30 — 56 143 - 41 22 — 111 — 36 + 121 — 7 - 333 — 19
—10 +- 31 -— B8 - 290 278 38 35 — 216 --229 229 4172 - 578 — 311
— 9 -+~ 22 — 60 -— 210 285 - 13 30 — 213 164 219 -+139 -— 548 — 196
— 8 -~ 36 —126 - 132 622 30 52 -~ 479 - 98 476 119 —-1011 -- 289
— 7 —~ T4 —206 325 1045 37 90 -— 815 238 805 —258 —1446 520
— 6 —125 —272 635 1375 30 104 —1088 456 i-1074 —-471 —1630 755
— 5 ~—150 —263 802 ,1304 28 108 —-1062 591 — 911 --676 —1317 750
— 4 — 79 —121 -}~ 462 -+ 549 4+ 9 88 — 493 -|-329, - 440 -—358 — 475 - 319
— 3 -~ 49 + 79 — 214 — 488 — 32 56 - 266 204 - 347 177 - 241 — 146
—_2 — 16 42 -+ 88 -~ 262 — 14 70 80 - 46 — 163 — 64 87 + 31
—1 — 3 12 + 15 — 81 ~— 8 18 25 A7 — 46 — 11 4 12 3
0 - 7 7 — 3 —. 18 + 3 4+ 3 13 — B — 15 - 11 0 0
1 2 1 — 12 - 4 4 — 1 4 41 — 3 5 — 1 2
2 1 0 —~— B — 0 2 0 4 2 — 2 2 — 1 2
3 4 1 — 1 — 5 + 1 1 — 1 + 2 ) -+ 2 2
—192 - 47 — 3 -+ 287 16 22 4 1 - 13 235 13 —235 -— 31 563
—11 -~ 50 — 42 277 288 20 20 —! 219 244 -~3219 - 455 552
—10 - 27 — 4] 120 276 13 19 -~- 233 88 233 -- 88 — 414 271
— 9 -— 92 — 25 539 141 49 12 — 111 433 111 435 — 226 832
-— 8 ~~139 - 35 826 209 71 26 — 190 687 177 —B76 - 284 1118
-7 —151 -— 31 910 180 65 35 ~ 179 745 157 — 742 ~- 231 1058
— 6 —119 — 13 724 - 37 55 33 - 71 603 - 40 57 - 79 7
— b — 26 0 -+ 1585 — 69 33 36 -— B 4154 - 39 —132 -+ 7 -4- 133
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TABLE 17 (continued)

dR , OR [N
D10t PP 104 "D R-10t r 0K 101 —D,R-i0
) a'R-10 a'D'R-10 ) ca’'Dg R-10 ! e ‘ o o v
i i ——‘\ ’3—"—"’“]
sin cos sin cos . sin cos sin \ cos Il sin. | cos sin cos
’ R | .
5|~ 4 +52 +10 ) - 337 ’ --106 } 16 37 J + 2 —230 ‘ -— 67 1 +264 45 l 208
—3 10 21 ¢ 72 —135 . 20 |. 22 66 - 23 - 96 48 61 - 31
-2 0 +3 ' 17 I —19 1 +3 11 -2 -3 5 + 6 1
g 1 1 -1 — 9 | L5 1 — 2 + 2 - 4 3 + 7 — 1 -1
L0 0 -2 — 3 9 0 —3 . -2 0, -+ 10 0 0 0
P 0 0 0 4 0 0 | ! !
P2 0 0 0 1 0 0 ; g
6] —13  —30 36 216 -- 256 16 --18 +217 4-181 2217 1 --181 4469 4 301
1 —12.  —=58 +15 425 — 67 30 —5 |- 47 360 - 47 --3060 4178 700
P-11 —41 —17 307 -1 170 23 +9 ~154 260 =154 260 —187 433
10 --55 436 370 248 27 --19 -1 269 311 - 209 -311 1359 511
=9 —64 58 421 -~ 408 46 —27 319 379 -347 - 361 518 5706
-8 --45 42 299 —298 48 - 24 238 287 255 -260 346 263
— 7 —26 4-24 +137 ~183 40 --16 4157 1985 —-134 -313 +175 -1 385
— 6 + 8 -5 ~- 85 - 15 33 —1 0 - 24 LT 62 — 17
-5 23 —15 -189 4111 24 + 8 -89 —107  + 88 140 — 72 111
-4 11 + 4 —~ 83 -- 33 14 1 + 24 — 41 -- 26 63 + 18 15
— 3 2 2 - 15 -9 + 2 + 2 7 - 5 -9 10 7 -6
—2 0 0 — 5 + 1 o - 0 :
-1 0 0 - 2 0 0 0
7 --14 10 43 — 83 --343 -6 - 24 299 — 72 - 299 72 599 - -1H
—13 15 62 --121 -503 - 8 ~ 34 436 --103 -436 103 809 192
--12 +5 21 - 43 - 177 -4 --15 150 - 36 ~150 L. 36 257 ° - 62
--11 -5 34 b8 268 0 --21 231 L 24 -231 - 2 331 Y
—10 -5 54 b 23 — 417 0 -7 362 17 -362 - 17 540 It
-9 21 32 -~ 13 - 957 -9 —18 221 - 13 -221 13 291 - 11
— 8 Sod 0 14 ) --109 42 -8 I 88 Lo18 - 88 .- 18 4-106 - 30
-7 -4 0 -k 3 P13 7 0 ST 32 7 - 98 — 4 - 35
-6 0 —7 — 4 ' 4 54 6 P3 — 49 43 49 -1 — 42 2
-5 4 + 1 -~ 28 8 3 — 1 -+ 10 22l - 10 2 + 6 20)
- 4 1 1 - 4 -1 1 0 5 -5 1 7 3 1
§ 12 3 14 -- 27 - 113 1 -6 95 - 93 93 23 163 | 30
- 11 4 18 ~ 33 138 2 8 123 - 29 123 29 193 46
- 10 -1 3 ) -2 0 -2 20 5 20 -6 29 7
-9 -1 2 P10 13 Pl --2 9 48 - 9 8 14 12
-8 —1 -+ 3 7 26 I 2 {16 6 16 6 I 20 ;8
-7 0 0 41 3 1 -1 0 0 0 0 0 0
6 0 -2 0 - 10 0 0 14 b3 Lol 3 -~ 12 ©3
--5 0 41 2 2 0 0 |7 — 2 7 2 ‘5 1




—CORENNT.SUUEL R LW ——O O

——

[
———
—to

Ll brrtd

—
N UL WO —~NNWh O NOCD

13

109
315
862
4 478
—1448
— 495
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sin

.
19.72
0.14 n't
14.96
0.04 n't

4.74

001 n't

1.54
0.49
0.16
0.06
0.02
0.01

0.01
0.02

0.19
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sin

— 1ol
— 107
— 057

— 0.26

-~ 0.11
-~ 0.05
— 0.02

o
~d

cos

--38.03

+

2.72
0.43

0.62
0.41
0.17
0.05

0.01

0.05
0.09
0.21
0.54
1.52

—35.45

+

.{<

_'_

0.33
5.49
2.52
0.48
0.04
0.05
0.03
0.02
0.01

0.08
0.23
0.51
9.14
1.43
1.01

sin

+£0.02
025
0.15
0.06
+0.02

—0.02
-—0.03
-0.07
—0.16
--0.39
—-6.34
- 0.39
--1.95
+0.52
+0.15
--0.01
-0.01
—0.01
—0.01

—0.02
—0.07
—0.13
—1.77
+0.20

0.11

cos

—}—6’.156
+0.14
--0.20
- 0.15
-- 0.08
—0.04
~--0.02
- 0.01

- 0.02

0.01
+-0.01

0.06
+1.95
---0.23
—1.41
—-0.31
-+ 1.06
—0.01
—0.03
—0.01
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TABLE 18 (continued)

§ log r'-1o7

sin

—185

+4 1+
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— s D D GO O —

LI+

et et et et NG N st

COos

—30
—12
— 3
— 2
—1

—_

Prrr+ 417
— OB s R3O N

—0.01
—0.02
—0.06
—0.2¢
—5.73
—5.88
—0.98
+0.05
0.25
0.22
0.12
0.03
0.01

0.06
+3.93
—17.18
—1.58
—0.35
—0.01
--0.08

0.08

0.06

0.03 *

0.02
0.04
0.05
0.04
0.02
0.01
0.01

0.01
0.05
0.41

- 0.09

0.03
0.04
0.04
0.02

b |

AL L

P

~ 0.06

— 001

sin

ooooo000000S
DI = DN == e DD BN

oo~
NONNWOOUN—=O ]

0.06

+0.03
-—-0.02

-+0.94
--0.76

011
—1.03
+0.30
0.10
0.17
0.21
0.22
0.17
0.15
0.16
0.06
14001

—0.55
—0.23
—0.05
--0.09
—0.09
--0.06
+-0.04
~0.01
+0.04

0.02
+0.01

—0.09
—0.06
—0.03
—0.08
—0.11
—0.09
—0.07
—0.03
—0.02
—0.02

sin

+0.09
0,07
-0.15
—0.11
—0.05
—0.02
—0.01

+0.05
—0.03
-+0.03
-—0.01
—0.01

—0.02
—0.06
—0.07
—0.02

—0.17
—0.09
—0.02
—0.02
—0.02
—0.02
1059
~0.02
—0.01
—0.01

—0.01
—0.01

—0.01
—0.01
—0.01
—0.01

-4-0.01
+0.01

0.12
-+ 1.3
—0.15
—0.09
—0.07
—0.06
-—0.05
--0.03
+0.02
0.02
0.01
0.01

—0.05
—0.01
—.0.02
—0.02
—..01
—0.02
-+0.92

0.01

0.03

0.03
+0.01

—0.01
—0.01

+

g =
coooo
22222



Verification:

Aoz _0.07,
(Ag) = —0.09.

Table 18 contains the perturbations of the logarithm of the radius vector,
longitude in orbit, longitude of the node, and inclination.
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CHAPTER VI 75
PERTURBATIONS BY NEPTUNE
20. Perturbations of Pluto by Neptune

Difficulties in determining perturbations of Pluto by Neptune are the
result of the peculiarities of the motion of these planets. The major semiaxes
of Pluto and Neptune and the eccentricity of Pluto are such that the ratio of
the radius vectors takes on values close to unity.

Under these conditions the ordinary methods of expansion of the perturba-
tion function cease to have effect; therefore we had to have recourse to
numerical integration.

In determining the perturbations of Pluto by Neptune we decided on the
Cowell method of integrating the equations of motion.

We limited ourselves to

n

3
x (b on)=f" —1—12](”—‘526 ut l
|
{

o2

- i
y(zfo-‘rm):g”%r g, Q—b”, (68)

z(t

- mn)~lz —{——/z —_—h

n 240 n ]

as the operating formulas.

The integration interval was 160 days and even the second difference
rarely exerted enough effect.

In Formulas (68), as usu.l, the integration interval is designated by w

and
0o X' . . X, — X 5 X
f- _ur‘/\a-’—:—s + kPoiny, 4 —k-’mzmu—"g,
r T
N U -y’ 9 o Vi
g —wtkt— - kre¥m, c - —REwim,
S r,J v ;\:1 L (69)
H
. 2 P z,— 2 . z
f1—— —w?Rr = ue /\",“w*ﬂl" Ll A—w* ——kzmlmn -—Ii‘ -
B 3
r Ty

In computing f, g, and h, we use Comrie's tables (1933).
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'‘No,

gratggnigth

1913
1914
19144
1915
1916
1917
1918
1919
1920
1921
1921
1922
1923
1921
1925
1926
1927
1928
1923
1929
1930
1931
1932
1933
1934
1935
1935
1936
1937
1938
1939
1940
1941
1942
1942
1943
1944
1915
1946
1947
1948
1919
1949
1950
1951
1952
1953
1954
1955

Date

-- 0.196280
— 0.523914
— 1.243931

| -— 1.963521

— 2.682430

— 3.100397

— 4.117157
— 4.832135
— 5.545955
— 6.257.431
— 6.966571
— 7.673077
— 8.376641
-= 9.076959
— 9.773704
—10.166550

—12.518317
—13.192146
—13.860325
—~14.522478
—15.178221
—15.827162
—16.468899
—17.103022
—17.729111
—18.346738
—18.955 164
--19.565.1842
—20.144116
—20.723719
—21.292275
—21.819601
—22.395201
—22.928573
—23.419203
—23.056571
—24.450148
—24.929394
—25.393764

—25.842703 -
—26.275652

—26.692043
—27.091301
—27.472849
—27.836104
—98.180477
—28.505380

TABLE 19

42787975
42.567285
42332143
42082470
41.818186
41.539214
41.215181
40.936913
40.613442
40.275000
39.921526
39.552957
39.169238
38.770317
38.356143
37.926673
37.181866
370216389
36.546112
36.055110
35.548666
35.026769
34.489414
33.936604
33.368350
32.784671
32.185594
31.571156
30.941405
30.296397
29.636201
23.960898
28.270579
27.565351
26.845332
26.110658
25.361477
24.597954
23.820273

- 23.028634

22.223255
21104375
20.572253
19.727170
18.869428
17.999352
17.117294
16.223628
15.318756

[N

13.465372
13.613438
13.756884
13.895606
14.029504
14.158475
14.282114
14.401217
14.514776
14.622985
14.725736
14822019
14.914424
15.000140
15.079955
15153755
15221428
15.282859
15.337932
15.386531
15.428540
15.463842
15.492319
15.513854
15.528328
15.535624
15.535622
15.528206
15.513258
15.490G60
15.4602¢5
15.422049
156.375807
15.321456
15.258883
15.187979
15.108636
15.020749
14.924215
14.818935
14.704814
14.581758
14.449680
14.308497
14.158131
13.998511
13.829570
13.651250
13.463499

dx
dt

—0.36010044
—0.36007323
—0.35992274
—0.35964629

—0.35924103 .

—{.35870408
—0.35803245
—0.35722310
—0.35627286
—0.35517849
—0.35393667
~0.35254 100
—0.35099696
—0.34929195
-—0.54742532
—0.34539330
—0.31319205
—0.31081761
—0.33826597
—0.33553301
—0.33261456
—0.32950637
—0.32620407
—0.32270330
—0.31899959
—0.31508836
—0.31096507.
—0.30662509
—0.30206377
—0.29727615
-~0.29225839
—0.28700490
—0.28151131
—0.27577298
—0.20978524
—0.26354358
—0.25704351
—0.25028065
—0.24325079
—0.23594982
—0.22837385
—0.22051917
—0.21238239
—0.20396031
—0.1952501.2
—0.18624935
—0.17695594
—0.16736829
—0.15748528

160 42
dt

—0.10674613
—0.11393111
—0.12119699
—0.12848283
—0.13580760
—0.14317021
—0.15030945
—0.15800-109
—0.16547271
—0.17297386
—0.18050593
—0.18806722
—0.19565591
—0.20327002
—0.21000747
—0.21856598
—0.22621316
—0.23393647
—0.21164312
—0.24936020
—0.25708458
—0.26181293
—0.27254173
—0.28026718
—0.28798528

—0.29569178

—0.30338214
—0.31105160
—0.31869502
—0.32630705
—0.33388199
—0.34141380
—0.34889613
—0.35632221
—0.36368500
—0.37097701
—0.37819036
—0.38531678
—0.39234759
—0.39927367
—0.40008543
—0.41277.289
—0.41932559
—0.42573260
—0.43198253

.—0.43806353

+-0.44396332
—0,44966911
—0.45516764

0.07517201
0.07288630
0.07055012
0.06816378
0.06572588
0.06323618
0.05060116
0.03509931
0.03315109
0.05274900
0.04999253
0.04718119
0.04431151
001139208
0.03811336
003537791
0.03228515
0.02913519
0.02592771
0.02266183
0.01932754

0.01595460

0.01251281
0.00901206
0.00515227
+-0.00183339
—0.00184452
—0.00558136
—0.00937692
—0.01323090
-0.01711293

—0.02111253 ~

—0.02513909
—0.02922193
—0.03336017
—0.03755283
—0.04179877
—0.0 1609672
—0.0504-4521

—0.05484257

—0.05928698
—0.06377638
—0.06830851
—0.07288086

—0.07749072 -

—0.08213506
—0.0868106-1
—0.09151389
—0.09624096
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0.07
0.05
0.03
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—0.05
—0.04
—0.03
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—0.01
0.00
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0.19
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As the initial moment of integration, 1930 September 21.0 was chosen.
For this and adjacent moments the coordinates and velocities of Pluto were
calculated from the formulas of elliptic motion, and the initial terms of the
columns of the sums were determined from the following formulas:

-1 - ! L s 1L g
f .l_r:(l)l\,—?fo"_ﬁ_/:()— .f(ll ]

- 720
-2 .. 1 R ST (70)
0T “"Efu i 2_1()-](“

and in similar fashion for the remaining two coordinates.

Table 19 gives the values of the perturbed coordinates and velocities
at intervals of 320 days.

From the given values of the coordinates and velocities the elements of
Pluto were computed for every moment and the perturbations of the elements
were determined.

From the perturbation of the elements we proceed to the perturbations of
the coordinates by means of the formulas:

N a , W cagrogr o RVOH;
s’ —a) 4+ ‘s jHjCOSJM’ oM +‘§ a—fsij’ue",
d = (4

\ ;e DY o . e 9K .
Slg ' =da’-|- }d —JK; sin jM* 3M’ - E?cosﬂw’oe’.

In Table 20 the perturbations of the elements are given for the period
from 1913 to 1955 at intervals of 320 days.
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CHAPTER VIL . .
IMPROVING THE ELEMENTS OF PLUTO

All earlier derived elements of Pluto were determined in 1930-1931. In
the best case they were computed from observations embracing the period from
1915 to 1931. 1If it is taken into consideration that the earlier observations
were not very reliable, and that the arc traversed by Pluto in mean longitude
was no more than 22° at that moment, then it is clear that these elements will

in time give increasingly greater discrepancies.

Therefore, it was decided, after determination of the perturbations of
the first order of Pluto by the four large planets, to make a preliminary.
improvement in its elements. The nineteenth system of elements by Bower was
taken as the osculating orbit, with the center of the sun'as a reference point
(the masses of the four inner planets are added to the mass of the sun.) The

values of the elements are: ¥

Osculation and epoch 1930 September 20.0, Universal Time -

M,=275° 10" 930
i= 17 . 633. 44 "

Q=109 3756 96 ecliptic
w=112" 43 50. 56 and equinox 1950.0
a=39.656022

e~ 0.24699758
n= 14 208367

21. Observations of Pluto and Compilation of Normal Positions

At the moment that the orbit of Pluto was corrected approximately 500
accurate observations had been collected,*x comprising the period from 1914 to
1951, and obtained in 28 oppositions.

The observations of Pluto were stated in terms of the equator and the
equinox, 1950.0, and corrected for parallax. The observations were not reduced

to a single system of stellar positions.

In compiling the normal positions of the following, ephemerides of Pluto
were used: for the oppositions of 1930-1931, the unperturbed ephemeris of

*In the following, the notation of the elements and coordinates of Pluto ig
given without primes.

**Forty of these observations were made at the Main Astronomical Observatory
in Pulkovo. The results of the measurements of the photographic plates were
kindly placed at our disposal even before they were published by the Senior
Scientific Worker of the Main Astronomical Observatory, V. V. Lavdovskiy.
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TABLE 21

\ Obs.-Calc

Posi- Lall.

. . N T . Place of
: ersal Time 205 805 ,

tion , Universa ‘ 1950.0 1050.0 \a A Observation | Sources

No. ’ L I ‘ |
1 1914 Jan 237904 6'00"00°75  +173726.7 0722 1.4 Heldelberg
2+ 93.7905 00 01.05 37955  40.08 0.2
3 Nov. 123260 10 07.73 175155.9 —0.21 -+0.8 Harvard L. 0. B., 15, 437.
4 1915 Mar  19.2639 02 39.69 18 04 37. 1 0.15 -22 TFlagstaff
5 Apr 71674 - 03 04.23 180749.7 —.0.08 —d.4 "
6 1919 Dec  28.1861 30 19.31 192055.2 -0.04 —1.3 Mt. Wilson
7 * 98,9361 30 18.46 2057.3  —0.29 0.0 " ] Lo B 15 197
8 29.4285 30 12.89 21053  -+0.05 0.1 " : AU By 10y 24T
9 30.3660 30 07.91 9110.2 —0.07 —2.0 " J
10+ 1921 Jan - 290896 G 32 33.09 1942184 - 039 ~ --1.4 Yerkes A. N, 239, 5719.
11 1925 Dec  23.2823 7 01 08.84 2054201 -0.08 31 Mt. Wilson Vv aas a%00
12 . 233141 01 08.3 2054203 - 0.17 2.6 joA- ., 243, 8L
13 1927 Jan 62500 05 14.59 9111 11,7 —0.31 --0.9 Yerkes 1 N 938 5719
14 27.8942 03 22.16 15 39.7 0.02 3.2 - Ukkel } AN, 239, 0.
15 1930 Aug  21.3995¢ 98 23. 14 52987 —0.06 -0.1 Yerkes, A 7. 41, 96L
16 92.39863 28 28.06 5291.4 1 ~0.07 0.6 } < ey AL, 901
17 30.1088 29 09.36 51249 4008 L3 Qeldelberg B. Z., 35, 1930.
18 Sep 1.40697 29 20.58 51 08. 4 0.00 --0.2 erkes A J., 41, 961.
;g : _ 23.:15%67 28 37.76 58 ;(}8 8 23 +0.1 Heidelberg B. Z.. 36, 1930.

3685 30 44,35 492.1 -0.07 --1.1  Yerke
a1 - 9343542 30 47,51 49933 014 ' 09 orees 1} A.J., 41, 901
22 951267 ' 30 5272 4919.6 © +0.18 —0.3 . o © UL AL, 800,
23 96.06576 30 53,21 4917.2  -+0.05 -0.6 Helwan ‘L. 0. B., 15, 437.
94 971381 30 57.97 49152 + —0.07 —0.6 _Bergdorf AL N., 242, 5304,
25 281215 | 31 00.52 49131  —0.06 --0.9 ~Paris J. 0., 14. 1.
% 98.40141 31 01.23 4913.6 --0.06 ~0.1 Yerkes AT a1, 96l
27 | Oct 1.4906 31 08,56 4909.1 0.0 0.5 Mt. Wilson L. 0. 5 "15, 437.
28 2.1528 31 09,91 1909.6 —0.04 40.5 . Paris J. 0., 14, 1.
29 2.4984 31 10,069 4908.1 --0.02 —0.7 Mt. Wilson L. 0. B. 15, 437.
30 | 4173 31 14.00 49074 0038 -0.5 Algiers J. 0. 145
EY 7.180 31 19.39 1906,1 --0.03 —17 | T } SRS
32 | 230861 31 32.07 49 41. 4 0.02 --0.5 Bergdorf A. N., 242, 5804,
33 C24I348 ' 31 30,51 19383 © 0.0l -01 perTin-Babels AL N 243, 5824,
34* : . 2642265 31 3116 51427 © - 049 =92 Golyes ) A J., 41, 961,
35 Nov =~ 1.1264 31 31.04 50 18. 1 +0.16 —1.7 Berl‘?s bel ALND, 243, 382
36 2327083 , 30 40.81 53 33.9 0.0 - 2.1 erlin-Babels: 4 ; "4y, 0ol
37 241141 30 3422 53437 007 - 1.4 Yerkes oy :
38 290664 . 30 1799 , 2151510 . 009 --.0 Toulouse vy 0 1S
39 1931 Jan 1.46936 27 45.61 2202233 | 4017 . --1.2 Yerkes o4 g, a2, o
40 97.25333 l 25 26.51 08 52.0 ( +0.39 1 0.2 \ ", '} A J., 42, 91k
|
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TABLE 21 (continued)

Posi- Obs.-Calc. Place of

tion Universal Time 19500 810500 A A Observation Sources

No.

k., m, S S :
4] 1931 Feb 8.9103 779424013 | 220114572 | 0045 | - 1.7 | Heidelberg ] 796.
42 F 9.9329 24 19.48 1200-2 | +0.52 ' 0.0 " j AN 242, 579
43 10.17429 24 18.15 12005 | 40.30 | --2.8 Yerkes A.J., 41, 961,
4 151151 23 56.57 13023 | 40.43 ' —3.1 |Cordova L. 0. B, 16, 33
45 18.8775 23 41.26 13 49.1 4-0.61 : -1.2 | Heidelberg A. N., 242, 5796.
46 21.0902 23 32.48 1413.3 | 40.4¢ ;, —2.3 |Cordova L. 0. B., 18, 33.
47 22.8119 23 26.00 1433.1 | +0.38 | —-1.7 |Bergdorf A. N., 242, 5804
48 Mar 6.8128 22 47.98 1632.0 | +0.44 | —2.2 | BerIin-Babels. A. N., 243, 5824
49 12.0462 22 35,48 1715.5 | +0.45 | —2.2 | Cordova | L. 0. B., 16, 33.
50 13.7675 22 31.78 1727.7 | +0.30 | —3.3 |Berlin-Babels.. 4. N, 243, 582L
51 13.8851 22 31.56 | 17289 | 4+0.32 ; —29  Heidelberg | A. N., 242, 57%.
52 14.0433 22 31.42 17 31.0 | +0.49 | —2,0 |-ordova L. 0. B., 16, 33.
53 15.8504 22 27.98 1742.6 | 4+0.42 | —3.5 |Berlin-Babels. A. N., 243, 5824.
54 15.8872 22 27.74 | 1743.8 | 4+0.24 —2.6 |Heidelberg b AL N, 242, 579.
55 15.9896 22 27.73 1743.5 | +0.41 | —3.5 'Berlin-Babels. |
56 168781 | 22 gﬁ.sg ' 17 48.9 +8. gg | -;3 n [t Ao N., 243, 5824
57 169738 ' 22 26,03 1750.4 | 0. ~3.4 |
58 177593 22 24.80 17 56.3 | +0.43 | —2.8 ' Pulkovo | © Izv. GAO, 19, 3, 150.%
59 17.8079 22 24.75 1757.6 | +0.46 —1.9 . Bergdorf . A N, 242, 5804
60 17.9619 22 24.48 | 1757.3 ; 40.43 | —3.3 Berlin-Babels.,K 4. V., 243, 5524.
gl }s.gésg 22 23.19 | 18 03.4 | -Fg.ég | —gz _Bergdorf | A. N., 242, 5804
2 8.820: 22 23.44 | 1803.7 , +0. ~2.4 o
63 18.9651 22 23.02 | 1804.3 | -0.49 ’ 2.8 ' Berlin-Rabels. } A. N., 243, 5824
64 19.8006 22 21.86 1808.9 | -H0. —3.4 " :
65 20.7705 22 20.47 1815.6 | +0.38 . --2.7 |Pulkovo .~ Tzv. GAO, 19, 3, 150.
66 20.8096 22 20.52 1815.3  -+0.48 = --3.3 Berl&n—Babels. A. N., 243, 5824.
67 20.8195 22 20.44 1816.4 | +0.41 ! —2.3 | Bergdorf I AN, 242, S804
68 20.8592 22 20,52 1814.6 | +0.54 | —4.3 |Berlin-Babels. K  A. N., 243, 5824
69 21.8130 22 19.26 1822.6 | 4+0.44 | —1.9 | Bergdorf | A. N, 242, 5804,
70 21.9014 22 19.14 1821.8 | -+0.43 © —3.2 |Berlin-Babels. K . A- N., 243, 582L.
71 227658 22 18.07 1826.5 | 40.32 , —3.5 ! Cimiez 1 } A. N., 242, 5798.
% g%?ga 22 17.15 18 32.8 igzg g’g Berl ﬁb L | ’
.9100 22 17.04 18 32.8 . —3. erlin-Babels.
;g Apr 7.8277 22 14.35 19 21.5 +8. 3? —gé " } A. N., 243, 5824
8.8330 22 15.27 1933.4 | +0. —2. " .

76 8.8719 22 15.46 1932.7 | +0.57 | —3.1 |Heidelberg A. N., 242, 5796.
77* 1212028 22 18.37 1947.0 | +0.55 | +5.6 |Yerkes VAL )., 42, 974.
78* 13.11123 22 19.46 19489 | -+0.53 | -16.3 " ! ’
79 159214 22 23.13 1943.4 | +0.45 | --1.7 | Berlin-Babels. |
80 19.8635 22 29.67 1943.6 | -+0.40 | --2.2 " A, J., 41, 961
81 19.8962 22 29.76 19450 | -+0.43 | -0.8 "
*Reports of the Main Astronomical Observatory
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TABLE 21 (continued)

Posi- _Obs.—-Calc.  piace of
tion | Universal Time *1950.0 %1950.0 A l AB ’ Observation Sources
No.
LN W 5’10 91" e Yerkes j
82 | 1931 May 410042 . 723706752 |, 42219211 40749 ' —15 |
83 13.11428 23 39,57 1846.0 +40.50 —2.1 | " St AL, 42, 974,
84 18.12405 © 24 00.91 1820.2 4045 —2.7 ! " :
85 Sep 2441680 ' 36 22.98 220007.6 , —0.01 +0.7 | " a7 an0m
86 Oct 9.33050 , 36 58.01 , 215952.6 : -+0.06 . 0.1 ! " } - J., 42,982,
87 195189 | 37 08.52 | 220013.6 —0.06 —0.3 Mt. Hamiltom U. A. 1., 348.
: i Lick va.
88 Nov 641707 | 37 00.79 0152.1 ' 40.01 —1.0 éercesObser ) 989
89 Dec 520729 | 35 41.51 | 0703.7 = —0.06 ' —0.2 ) A. J., 42, 982.
90 64438 , 35 36.58 | 0724 —001 —04 Mt. Hamilton U. A. 1., 388
91 8.18833 35 29.40 ' 0743.8 40.03 —1.0 'Yerkes A. J., 42, 982,
92 309400 | 33 39.29 | 13.29.3 —0.01 | 0.1 'Bucharest
93 | 1932 Jan 59585 33 06.87 ' 1505.8 --0.01 | 0.0 " J. 0., 15, 9.
91 ! 79502 | 32 56.02 1537.9 —0.01 +0.1 - "
% | 9.4473 32 47.76 | 1602.1  —0.06 = -0.1 Mt. Hamilton L. 0. B., 16, 33.
9% | 15.9151 32 12.30 1745.8 ' —0.03 +40.3 Bucharest ©J. 0., 15, 9.
97 28.17280 31 06.24 20569 —0.07 +1.0 Yerkes 42. 989
98 | Feb 5.14558 30 25.65 2251.5 —0.03 —1.2 " } A J., 42, 982.
99 | }3.8(1)27 29 51.69 2430.4 | —0.07 . —0.3 Mt. Hamilton L. 0. B., 16, 33.
100 0160 29 48.50, 2439.5 | -~0.07 | -0.5 Bergdorf f
101 | 15.9092 29 35.72 ! 25173 ' —o 11 | 0.2 o BO% , } A. N., 251, 6014.
102 | 28128 | 28 53.10 | 27240 | -—0.11 . 0.0 . Pulkovo
103 ! Mar 57952 | 28 27.95 28429 ' —0.12 . +0.1 ¢ " :
104 ! 781262 | 98 252 29005 —0.08 ' 0.0 | " .t Izv. GAO, 19, 3, 150.
105 | 12.81249 | 28 10.65 2940.5 —0.11 —0.5 : "
106 | 28.79359 27 49.53 | 3113.6 . —0.15 0.1 "
107* Sep 2844036 42 14.89 ! 1005.4  —003 0.7 Yerkes A 744, 1017
108* Nov 9.47362 42 48.25 11438  —0.18 +0.3 on } - 4% 10U
}09 Dec 3:34573(857 48 n.gg 2156.0 --0.13 —0.4 Washington A. J., 48, 1115.
10 .95 40 10. 2206.3 —0.05 17 'Bergdorf
11 26.8814 30 45,43 23990 , —0.10 < —0.4 |, Eoo% }} A. N., 251, 6014.
112 | 1933 Jan 24971829 37 07.47 3137.4  —0.03 ' -+1.3  Ukkel Uovoalr, a
}}3 gg.ggzglsf 37 02.27 31526  0.00 -+0.8 " } : o es
4 ) .36 57.14 3207.8 -10.11 --0.4 Be
}}2* ggggggls gg 56. gg 32 10.3 i 1017 Kg b rgdoEf . } A. N., 251, 6014,
; 51.6 32234 | —0.01 | --0.1 ' .
{}g Feb 1223230 36 20.:231 33572 | —0.08 | o7 |Ukkel } U. A I, 422,
5. 35 19.35 3655.8 | —0.02 | --1.0
119 16.8623 35 14,97 57086 | 1003 | 14 |>cara hala } Bz, 13, 19%.
120 18.17569 35 09,31 3727.9 | —-0.05 | -+1.1 |Yerkes A. J., 44, 1017,
121 21.80785 34 5441 3811 | —0.11 | 40.1 | pulkovo Izv. GAO, 19, 3, 150.

z8/
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TABLE 21 (continued)

Posi- _Obs.-Calc. | Place of 1
tion Universal Time 1950.0 , B1950.0 Aa I - l Observation | Sources
No. * | L \
| T | .
122 1933 Feb 221958 ~ 7"34"ss’or 9238152 -0’01 :0.6 Mt. Hamilton L. 0. B., 16, 452.
123 23.14421 34 4931 3827.8 , 0.00 -1.0 Yerkes A. J., 44, 1017.
124 Mar 1.07862 34 27.75 39312 . .0.19 - 0.7 waTPinéton A. J., 48, 1115,
125 2.77639 34 22,22 3949.3 " - 0,14 .02 Pulkow © 1zv. GAO, 19, 3, 150,
126 21.90847 gg gggg :112) %g 8 0 - (1)213 Bergdorf ' f‘ g'.,8251],66041§6,
127 229775 ‘ 221, 2.0.00 -0 : . 0. B., 16, 452!
128 209003 | 3 3.29 42330 . 000 12 o gampleen
129 Apr 138675 33 34.19 43226 -+0.02 0.0 1 '] A N.. 251, 6014
130 148627 ' 33 3526 43925 --0.01 0.0 " - Ve 2ok .
131 | 149063 - 33 35.34 4392.2 | +0.02 » - 0.3 " }
132% Oct 1745037 . 48 3177 1947.5 ' 0,04 --0.3 Yerkes
133% | 18.41543 48 35.56 1950.6 -0.06 —0.5 " } A. J., 44, 1017.
134 , 1931 Feb 1020006 © 41 38.02 46928.3  —0.16 0.3 " ,
135 129635 41 28.30 - 4658.0 —0.01 +0.4 Mt. Hamilton } L O B 1T 6
136 122767 - 41 28,92 46 58.2  -=0.05  --0.4 T - e By 10
137 13.16065 41 24,07 47109 --0.09 0.6 Yerkes A. J., 44, 1017.
138 13.93072 41 20.55 479211 —0,03 0.0  Ukkel B. A. B., 1, 13, 295.
139* Mar  10.12407 39 50.60 5200.0 1011 +3.5  Yerkes A J., 44,1017,
140% 10.86349 39 48.36 5208.7 —-0.15 6.0 ' Ukkel B. A. B, 1, 13, 205.
141* 11.10704 39 48,02 5207.4 10,15 -2.6  Yerkes A. J., 44, 1017.
142 11.82125 39 45.95 52107  -0.08 , 0.0 pulkovo
143 13.77008 39 41,12 5296.1  —0.13 - 0.1 " } Izv. GAO, 19, 3, 150.
144 Apr 3.80623 39 14.02 9254 11.2 0.13 0.1 " !
145 1935 Feb 2519931 46 929,17 2300026  --0.04 0.8 Mt, Hamilton } L 0. B. 17, 125
146 25.23194 46 29,04 00 02.9 0.06 -0.8 " o U Bey Ty 20
147 Mar 4.8507 46 01.18 0127.7  --0.04 0.0 = Pulkovo
148 8.8416 45 4853 QoSS 005 03 " f} Tzv. GAO, 19, 3, 150.
149 25.8107 45 11.78 04049 -0.06 - 0.4
150 27.07890 45 10.20 04 11,0 0.06 .08 Yerkes \ X
151 29.11148 45 08.03 0418.1 0.03 0.3 " LA J., 45, 1046
152 Apr 711157 45 03065 23044103 008 0.8 qop J
153+ Dec 946507 57 55.55 2251003  -0.09 25 okyo .
154% 1936 Jan 17,5838 55 47.30 58 52.8 -1 0.05 2.9 } A. N.,-260,.6236.
155+ 19.5889 55 36. 49 2259323  --0.45 -2.0 : " _
156* Feb 10.85007 53 36.32 2306 08.8 0.00 1.6 Bergdorf A. N., 262, 6207.
157* 15.13590 53 15.46 0717.4  10.07 0.3  Yerkes } A. J.. 45, 1046
158* M 20.01950 52 52,69 08 30.2 0.00  -+1.9 " e B2 A
159% Nal’ 19.85389 7 51 16.99 2313220 -0.27 -.0.1 Bergdorf AN, 262, 6267
160+ OV 11.35031 , 806 21.82 2247217 —0.02  +0.6  yerkes .
161 1937 Jan 1324518 | 02 15.83 . 2306 06.9 0.00 . 10.3 " ] AL J., 16, 1068,
162 Feb 510601 ¢ 00 09.57 1329.4 1011 - 0.2
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TABLE 21 (continued)

Posi- | Obs.-Calc. Place of
tion , Universal Time 9500 | 310500 N A | Observation Sources
No. f I
I | : .
163 .. 1937 Mar 717137 757755560 4232037.0 006 --0.9 Yerkes A. J., 46, 1068.
164 - Apr 1083333 . 56 58.00 2330.4 —+0.06 1.9 Toulouse
165 22.87778 57 07.8% . 2301.6 - -0.02 0.4 Y
166 22.90278 57 07.87 23017 0.0  --0.6 " 10 5
167 .| 23.90972 57 09,45 2958.1  4.0.06 . "L].1 1 - 0.2 2,
168 | 24.87986 57 11.02 2253.4 0.0 0.8 "
169 ! 20.86528 - 7 57 20.73 2227.6  4+0.07 +1.3 ' "
170+~ 1938 Jan  27.9396 - 8 07 08.46 1840.3 —0.21 -.0.5 Bergdorf A. N., 268, 6428.
%;% ‘ Feb (15.88%7 06 ‘11313 72 20 :136.4 —8. 85 0.0 Wurzbur A. N., 270, 53.
* .00 06 18.7 2134.7 —0.26 -0.9 Bergdor ' .
173+ 19.9233 05 09. 01 25289 007 --1.4 BeoTt J A, 2, 6,
174* 20.84936 05 04.98 2542.3  -+0.16 - 1.9 Wursburg A. N., 270, 53.
175% 20.9401 05 04.31 9544.2  —0.06 - 1.4 Bergdorf A. N. 248, 6428.
176 21,8523 05 00.17 2550.9 —0.03 —0.8 Pulk Izv, GAO, 19, 3, 150.
177 | 238910 04 51.12 2698.2  40.02  --0.3 Borsdonf A. N., 268, 6428,
178 23.9216 04 50.90 26929.8 —0.06 -0.9 ergdor A. N. 268, 6330.
179 - 24,8852 04 46.72 2641.6 —0.03 —0.7 Vienna A. N. 268, 6428,
180 25.8012 04 4277 ' 265.5 —0.05 06  Bergdorf Izv. GAO, 19, 3, 150.
181 - 25.8883 04 42,39 2657.0 —0.06 —0.9 gulkovo
182 | 278400 04 34.23 27927  —0.05 0.7 ienna } A. N., 266, 6330
183 | Mar  5.8680 04 10,86 28352 —0.06 --0.6 "
184 5.8780 04 10.98 28350 -+0.09 0.3 o } A N, 271 98
185 18.8468 03 31.37 | 30327 40.01 +0.1 b o+ Ve 2R, 20
186 23.7939 03 20.50 3103.8 0.00 0.5 Pulkovo Izv. GAO, 19, 3, 150.
187 Apr 198469 03 06.91 | 3128.0 - —0.05 40.4 Vienna A. N., 266, 6380.
188+ 21.8648 03 08.91 ° 31 2(1).2 —8. 23 1.8 ulk L A. N.. 271, 28.
189 1939 Jjan  19.9671 14 14.31 . 2240.5 —0.05 1.3 ulkovo
190 Jan - oloms . 14 0310 239240 —009 1.4 " } Izv. GAO, 13, 3, 150.
191* Feb 87993 12 24.50 29929.6  +0.27 1.9 Vienna } A N. 271, 2
192% | - 8.8340 12 24.08 2931.7 40.03 3.4 " o W 213, 20
193 23.8652 11 09.46 3343.4 - —0.05 1.0 Pulkovo Izv. GAO, 19, 3, 150.
194 Mar  14.0779 09 59.66 3720.9  +40.0i 0.2 Washington 1
195 . "14.1460 09 59,43 3721.6 002 --0.3 1
196 | 14.1531 09 59,40 3721.6 —0.03 --0.2 "
197 141602 09 59.39 37221 —0.02 0.7 " A. J., 50, 1141.
198 151395 | 09 56.41 37314 —0.04 1.3 " _
199 . 151506 | 09 56.36 3731.1  —0.05 1.0 "
200 15.1697 09 56.30. 3732 | —0.06 -:0.9 " o) )
201# . 16.7362 39 3; g@l) ! 37 432 -'r-g (l)g rH . Vienna . A.N., 271, 25
202 ov  11.42406 25 02. 04 17. + Y
203 13.40885 2 01.12 | 0512.5 | --0.08 l 0.8 x Yerkes | ’ } A. J., 50, 1148
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TABLE 21 (continued)

Posi- __Obs.-Calc. | place of
tion Universal Time %1950.0 919500 A A Observation Sources
No.
204 | 1939 Dec 399853 | 8"24™20°51 | +23°1047.35 | —002 0.0 | Vienna
205 7.16666 24 10.66 1150.93 | -+0.11 | - 1.4 " } A. N., 271, 25.
206* 21.36991 23 12.99 1706.17 | —2.15 | +12.4 "
207 | 1940 Jan 3.8852 22 09.49 22 07.90 | -+0.03 0.0 " \ N
208 10.9146 21 31.80 24 55.7 0.00 | + 1.1 Yerkel [ A N. 271, 257,
209 Feb 1110131 18 37.96 36920.8 | —0.02 | + 0.4 A. J., 50, 1148,
210 Mar 118331 16 25.58 43422 | +0.02 | + 0.7 | Pulkovo
211 14.8536 16 15.87 4409.2 | —0.01 | — 0.6 } Izv. GAO, 19, 3, 150.
212 25.7821 15 48.12 4595.1 0.00 | + 0.4 oo ’
213* 29.8778 15 40. 9% 42 44.::; +8. é% + 29 | Vienna
214 1.8587 15 36.8 45 50. +0. + 0.9 "
215 Apr 2.8278 15 35.66 4551.8 | 40,22 | 4 0.2 " ) A. N., 275, 187.
216 7.8210 15 31.19 4556.4 | +0.14 | + 0.3 "
217 | 1941 Mar 211340 22 25.51 5039.9 | +0.12 | + 0.2 | Mt. Wilson A 7. so. 1147
1 HEE | ZaR | Bfr ) dik)Ted] 0T e
29,7968 . 6. —0.03 | + 0.9
220 Apr 28004 % 00.02 1372 | —o01 | Losp | Fotkove } Tzv. GO, 19, 3, 150,
221 Nov  18.24065 37 52.05 1335.2 | 4014 | + 0.7 | yorre
222 19.28396 37 50.82 13522 |, +0.13 | + 1.2 s
223* 27.25431 37 37.81 16111 | 4027 | + 1.8 "
224 Dec  14.20280 36 48.32 2205.6 | +0.15 | —— 0.6 "
225 21.28392 36 20.02 2456.3 | +0.15 | -+ 1.4 1
2% | 1942 Jan 1316575 34 26.30 3437.6 | +0.09 | + 1.4 "
227 15.14200 34 15.30 35928.8 | +0.01 | + 1.9 "
228 16.17631 34 09.57 35548 | 40.04 | + 1.5 "
229 17.15817 34 04.16 3619.7 | +0.11 | + 1.4 "
230 22.21241 33 35.57 38927.5 | +0.06 | + 2.0 "
231 Feb 1213650 31 37.99 4698.6 | +0.07 | + 0.7 "
232 14.12633 31 27.40 4709.3 | +0.14 | + 0.9 " A. 7. 500 1148
233 18.06998 31 06.78 4895.8 | --0.20 | + 0.3 " - Je 90, THS,
234 20.14745 30 56.13 4903.7 | +0.15 | — 0.6 "
235 Mar  10.28510 29 35.07 5339.3 | --0.14 | -+ 0.6 "
236 19.17847 29 04.69 5508.4 | --0.17 | + 0.4 "
237 92.20299 28 56.01 5531.4 | +0.14 | 4 0.3 "
238 Apr 413335 28 29.27 5628.4 | +0.08 | + 1.1 "
239 11.13953 28 922.23 5629.9 | +0.14 | + 0.6 "
240 13.10509 28 21.24 56 26.3 | -+0.16 | + 0.1 "
241 15.11545 28 20.63 5692.0 | +0.15 | + 0.5 "
242 May 813896 28 45,61 5338.8 | +0.12 | 4 0.2 "
243 9.11962 28 47.97 5327.9 | -0.13 | - 0.4 0
244 19.10108 29 17.50 5118.2 | -+0.18 | + 0.9 "




TABLE 21 (continued)

Posi- i__Obs.~Calc. | Place of
tion Universal Time ®1950.0 i Boson | 4. l A Observation Sources
No. i
, ,
| | o
! ! ! : Wl
245* 1943 Feb 707477 1 8"38™51%04 ' +23475077 | 0012 | o 4 Yerkes
246 8.00282 i 38 45.27 4813.1 | +0.06 | - 3.2 "
247* ! Mar 5.12412 36 38.26 5607.0  +0.14 " - L5 " 5 :
248+ May 2211021 35 56,64 54118 +0.27 + 0.9 " A Jo0 50, 118
249+ 25.12507 36 07.91 s3217 | 1028 1 36 r
250% | 2812083 = 36 19.93 5233.8 | +0.26 + 4.7 "
251 , 1944 Jan 18.06883 | 47 36.13 4107.2 - 4+0.10 + 2.6 "
252 21.10469 47 19.25 4229.9  40.22 . 4 L9 "
253 2204936 . 47 13.98 4255.7  -40.27 - 4 2.0 " 51 1150
254 2408035 | 47 02.37 43511 4019 4+ 2.3 " A.J., 51, 1152,
255% Feb 4.42459 45 57.4% 48415 40.14 ' . 2.3 "
256 . 17.08058 44 47.01 235339.5 © +0.21 .- L8 .
257 Apr 128784 41 37.64 240309.1 " -F0.13 , + 1.9 Vienna A. N., 275, 187.
258* 1945 Feb 1.06902 53 08.38 234837.4 +40.20 1 3.2 Yerkes
259* Mar  10.1193( 49 55.18 2400314 4015 -+ 0.2 " '
260* 1131515 ~ 849 51.22 2400 45.6 118 — 2.0 " . A. J., 54, 1176.
261* Oct 1636317 9 04 02.04 231038.0 4+0.24 . 2.2 n : ]
262+ Nov 1547345 04 58.37 1436.5 . +520 = 1.3 n
263* Dec 120236 0¢ 13.90 2347.3 1 40.28 - 2.9 Kazan *k
264* 1946 j5n  24.8736 00 52.21 44527 © —0.28 4 2.4 " } Astr. Ts., 49.
265* 29.09564 . 9 00 29.04 4643.5 +0.68 -. 8.2 Yerkes A. J., 54, 1176.
266+ Feb 1193794 ~ 8 59 09.05 5247.8 40,09 ' -- 15.8 Padua,, o
9267+ 13.93890 58 57.88 53 39.9 4016 — 13.3 " ! Contr. Astrofisico Univ. Paduva
268* 22.88405 58 09.08 5702.3 +0.22 15.7 in Asiago, 12.
269* | 28.23301 57 41.56 235909.9 +0.26 |- 3.7 Yerkes | :
270% | Mar 3.05887 57 27.57 240002.4 +0.22 3.7 Pad | A J., 54, 1176,
271 | 19.90629 56 16.08 0343.5 +0.24 .- 142 adua Contr. Astrofisico Univ. Padova
= i . in Asiago, 12.
212+ 20.10140 56 15.31 04026 | --0.17 4 3.1 Yerkes A.J., 54, 1176,
273 | 21.82962 | 56 09.34 ( 0402.1 | +0.20 143 Padua Contr. Astrofisico Univ. Pado-
o7 4% ‘ i X va in Asiago, 12.
274+ 22.7163 5 1471 0621.8 | -F8.55 . +117.4 Kazan
275* 23.8708 56 10.60 06342 | 4821 --119.9 " Astr. Ts., 49,
276+ 30.8052 55 51.16 0722.7 | -F8.71 | 4-122.7 "
277" Apr 3.92500 55 33.25 0520.4 | 10.38 | - 15.4 Padua Contr. Astrofisico Univ, Padova
) in Asiago, 12.
278% 5.8236 8 55 37.69 2007242 | 18.65 | 1103.9 " Kazan Astr. Ts., 49.
279 Dec 442795 | 911 34.70 2318185 | +0.24 | + 1.1 Yerkes W
280 2248830 10 43.45 %6131 | 1022 | - 12 S } A g. s .
*% - Agtronomical Circular
[~
[0 2]
[=)}

$6



- 96

TABLE 21 (continued)

Posi- Obs.-Calc. | Place of
tion Universal Time 19300 B1g50.0 Ax £ Observation Sources

No.

349 | 1950 Mar 1484731 ' ¢"25"20%16 423753036 | 10731 | 121 Kazan
350 2179743 24 5142 | 54442 | 024 | 426 , " Astr. Ts., 112.
351% Apr 1579971 93 42.44 080 4013 03 )
352 17.85175 23 39,53 56 50. 10,27 +3.3 i N e .
353 20.88561 23 35.77 5637.0  +0.16 © +2.0 Vienna } AXlttellun%enlqu%r Wiener--Stern-
354 21.85606 93 3485 5632.2 40,20 2.7 wo warte, 5, 1952.
355+ 2476318 23 3329 5620.7  1-0.87 +8.1 Kazan Astr. Ts., 112.
356 May  11.84699 23 39.00 5257.2 40,27 & -L2.2 Vienna )
357 1480896 ~ 23 43.58 52064 . +0.24 42,0 "
358 18.86806 23 51.15 5053.2 10,25 +1.3 "
359 20.91078 23 55.63 23 50 14.0 +0. 16 +2.1 " | Mitteilungen der Wiener-—Stern-
360 Oct 2015422 39 18.89 2247313  £0.31 421 warte, 5, 1952.
361 2214097 39 26.68 ° 47332 10,27 424 "
362 Nov  16.11214 40 28.95 5036.2  +0.32 417 .
363 b 19.10990 4 315 200232 . 4025 +2.0 "
364* - ec 1302819 40 15.54 2300220 1047 © 409 Kazan
365+ oy OS] 10 0642 02939 . 4037 7.6 " | Astr. Ts., 112.
366 1951 Mar 593235 33 37.13 4113.0 10,28  4-1.9
367 695775 . 33 3176 44360 4097 , 424 Pulkovo .} Tzv. GAO, 19, 3, 150,
368 9787919 31 57.52 5010.7 10,40 +2.7 .
369 © 9889171 31 53.81 50205 039 -+2.6 Algiers } U. 4. 1., 1316.
370 - 30.94618 31 46. 44 50 37.8 +0.25 +1.9 Vienna Mitteilungen der Wicner- - Stern-
37 Apr 201213 31 39,63 5053.5  -L0.33  -11.9 " b e 5, 1950,
372 390318 31 33.68 | 51059 10,33 --2.4 Pulko Izv. GAO, 19, 3, 150.
373 4.95694 31 30.56 ! 5111.6 = 40.36 . +2.2 1--KOVO " Mitteilungen der Wiener Stern-
374 7.80367 31 92,47 51 23.8 2.3 paomna warte, 5 1902
74 : AT 8 4027 42, Pulk  Izv. GAO, 19, 3, 150.
375 7.84792 31 2238 © 51238 4030 421 Vienns. \ 2 1T 2
376 984299 31 17.28 5129.3  -10.31 --2.2 nna
‘ 3 2 - -1
o pa e oget dba o v | g g i st
379 269826¢ 30 30.95 . 50307 4027 428 . warte, 5, 1952.
380 May  7.92632 30 51.36 4838.6  -10.26  --1.9 noo
381 8.95022 30 52,14 4825.0 10,31  -+3.0 N



TABLE 21 (continued)

L6

\ } | Obs.-Calc. Place of \
Universal Time i 31950.0 l B1950.0 i Aa ’ AS Observation \ Sources
1947 Jan 170504  9'0s™adlso | 2339129 o0l 21 Ukkel M.P.Co 13
17.23003 , 08 43.52 | 39171 019 .08  Yerkes PR,
2299199 08 15.67 4531 4018 0.7 v } A.J., 54, 1176
9404757 . 08 00.79 2465 0.1+ 0.5  Ukkel M. P.C., 1.
Feb 2012073 05 31.61 55142 +0.33  +28  yerkes A.J., 54, 1176,
21.88723 05 21.95 55532  +0.95 1.0 afciare o A s
2202985 . 05 16.34 5616.9  +0.30 1.1 gLers } - 0. 3L, 0
23.14786 05 15.28 56 25.9 =-0. 41 +4.8 Yerkes A. J., 54, 1176.
27.86904 01 50.35 2358029 =033 - L0  Alciecs l
Mar  11.82414 03 53.05 240135.3  +0.34 - 0.4 glers J.0.. 31,5
12.82436 03 48.69 2401501 0.3+  -+0.4 " |
1948 Jan 7.29225 16 47.47 9330 57.1  4-0.27 -3.0 Yerkes A J., 54, 1170,
13.97816 16 1412 34333  +40.26 <43  Kazan Astr. Ts., 88
1420501 1o éé 95 3440.3 +8 2 3.9 Yerkes A. 7., 54 1175,
1795718 . 15 53.11 5413 o+ 14.2  Kazan
1993608 | 15 42.61 37443 +0.42 3.7 S } Astr. Ts., 88.
319525 | 14 34.88 4359.8 © +0.30 -+ 3.0 Algiers : J. 0., 31, 5.
Feb g.‘zgsgs u 0110 1 323 —8 29 %Z) Yerkes A. J.) 54, 1176.
89763 4 00.2 55.3  + <1
693156 © 14 00.00 wors Fo0s . Irs San Fepnando | U. A I, 1149,
8.89556 13 49.01 47535 +0.40 =25  Kazan Astr. Ts., 88
" 9.9441 13 42.83 48233 402 25  alejers J. 0., 81,5
13.94090 13 19.97 50128 4038 <18  gaBiE Astr. Ts., 88,
18.06333 12 56.44 5201.3  +0.28  +20  Ukkel M. P.C. 11l
Mar 4,8888 11 claggo gg ggg +(o).4613 L%g Algiers J. 0., 31, 5.
8.80484 11 13.63 0 40, +2.
8804 11 13.35 9054 041 Lo Kazan,, } Astr. Ts., 88.
90162 . 11 12.44 5911.4 40,41 ° -+3.4 ,
9.9645 11 0824 2320950 4060 11  ‘oulouge } J. 0., 31, 12.
17.9273 10 33.45 2401209 1019 111  Algiers J. 0,35
2?3,8'74033 .10 0L.55 8?’, ?g; +8 2 2.8 Kazan ]
83892 - 09 49.14 T4 - 2. "
Apr 278782 09 41.29 03341 | 4034 | +2.2 " Astr. Ts., 88.
6.75883 09 31.92 0346.4 i -+0.26 2.7 " J
6.87716 09 31.59 03 46. 4 2.5 San Fernando , 1119,

1

' 1018 |
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TABLE 21 (continued)

Posi~ _Obs.~Calc. | Place of
tion Universal Time 21950.0 319500 Aa A3 Observation Sources
No.
316 | 1948 APT 691105 | 9"09™31°50 | +24°03'46'9 | 4+0°17 | 430 | San Fernando } U, a1, 140
317+ 7.86889 09 929,44 240347.8 | 40.09 | 12.3 " AL TS,
318 1949 Jan 299394 22 00.14 233923.9 | 40.31 | +1.5 | Kazan Astr. Ts., 101-102.
319+ Feb 191419 91 42.75 4058.6 | 4002 | 123 | San Fernando U. A. 1., 1212,
320 388235 21 31.77 4200.2 | 40.43 | 128 | Kazan Astr. Ts., 101-102.
391 17.89488 20 11.07 8441 | 0.53 | 428 | Ukkel LA B, 4047
322 18.8682 20 05. 4909.4 | 40.24 | 42
323 26,8793 19 21.02 52963 | 10.19 | top - Fulkovo } Izv. GAO, 19, 3, 150.
324 Mar 197161 19 04.79 5334.5 | +0.34 | +15 | Algiers U. A. 1., 1210, 1499.
3%5 485656 18 49.97 54342 | +0.36 | +1.0 | p = Astr. Ts.. 101—102.
326 59187 18 44.53 54563 | +0.28 | +2.0 | porge Izv. GAO, 19, 3, 150.
397* 6.89466 18 44.13 5516.0 | +4.7¢ | +2.7 | F } Astr. Ts.. 101102,
398% 99.86014 17 20.32 8910.3 | +0.00 | 448 azan ,, . Is., .
329 24.956 17 21 5941.8 | +0. +5.7 | p
330 25924 17 1835 | 2359489 40.23 | +3.7 osen } Z' A. 1., 1210.
331 27.83672 17 11.92 240006.5 | +0.32 , +4.7 Kazan str. TS-, 101-102.
332 30907 | 17 01.99 | 002.1 | +0.15 = +2.0 | Posen U. A. L
333 Apr 383859 | 16 50.98 0049.3  +0.29 ' +44 | Razan Astr. Ts., '101-102.
334 21.90625 16 20.61 0032.1 | +0.236 +2.4 Vienna | Mlttextlun%enlgdezr Wiener- Stern-
warltle
335 23.83176 16 19.48 240021.1 | 4+0.36 | +3.5 | Kazan Astr. Ts., 101-102.
336 May 3.86422 16 20,35 23 58 44.9 | +-0.31 +1.8 Vienna ‘ } Mitteilungen der Wiener- ““Stern-
337 16.85866 16 3. a7 8520.7 | +0.30 | +1.9 " ; warte, 5, 1932.
338 Dec 1807012 @ 32 20.0 | +0. +4. Kazan
339 € 1899324 ; 32 36.55 10446 | 10.35 | +1.2 " } Astr. Ts., 101-102.
340* 2001066 © 32 32.53 1114.8 | —~0.67 | -+0.8 " )
gg 1950 Jan  22.03867 30 0. % . 20326 | +0. 25 1.5 | Ukkel UL AL, 1259,
992501 49.8 | +0. +1. "
343 Feb om0 21 46.95 2473 | 4033 | LT Algiers } U. A. 1., 1260.
1893745 27 29,66 4413.0 ' +0. 9.
345 9758 27 18.08 5087 - +0.33 1 433 Kazan } Astr. Ts., 112.
4875334 1 26 56,10 46 48.6  -10.18 2
U7 Mar 11837315 25 38.47 . 52117 +40.23  +1.9 P“1k°"?' } Izv. GAO, 19, 3, 150.
348 14807696 = 25 24.58 | 53032 -{0.24 -1-2.4

"



Bower; for the oppositions of 1931-1934, the perturbed ephemeris of Bower; for
the oppositions from 1935 to 1951, the ephemeris in BJ.

For the early years (from 1914 to 1927) comparison with the observations /9
was made by taking into consideration the perturbations obtained from the
above explained theory of Plutonian motion.

For the opposition of 1929-1930, we used the normal position obtained by
Bower from 103 observations (Bower, 1931).

Table 21 gives a resume of the observations of Pluto.

The distribution of the columns is the following: the first column gives
the ordinal number of the observation; the second column, universal time of
the observation; the third and fourth columns, the geocentric coordinates of
Pluto referred to the akes of 1950.0; the fifth and sixth columns, results of
comparison with the above mentioned ephemerides; the seventh column, place of
observation; and the eighth column, sources from which the observations were
taken.

The observations of Pluto were combined into the normal positions. Taking
into consideration the slowness of Plutonian motion, the comparatively good
quality of the ephemerides, and the small number of observations, one normal
position was obtained for each opposition. The apparently regressive obser-
vations (noted in Table 21 by asterisks) were not taken into consideration.

Thus, no normal positions could be compiled for the oppositions of 1921,
1935, 1945, and 1946. 1In all 24 nermal positions.were obtained.

In compiling the normal positions, the formulas used were

Axcose--a -- bt Ai=a’ -l b't.

Corrections were introduced into all normal pesitions for that part of
the aberration depending on eccentricity of the earth's orbit. The formulas
used for computing the corrections were

(Aa)==h,sin (H, -+ &) scs,
(A5)==hocos(fﬂ)ﬁ—a)51n6-&iocosa,} (71)
where for ho, HO’ and io, are taken the values
ho=0.342, H,=3489, i,=—0028.
Table 22 gives a resume of the normal positions. Distribution of the /91

columns is as follows: first column contains the ordinal number of the normal
position; the second column, universal time of the moment of normal position;
third and fourth columns, cocordinates of Pluto; the fifth and sixth columns,
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corrections for the constant part of the aberration; and the seventh and eighth
columns, number of observations used in compiling the given normal position.

TABLE 22
. — |-+ No. of
Ordi- . . - R Observations
nal Universal Time %1950.0 91950.0 (Aa) (A%) ————~—|v‘—
No. : : on « | ons
1 1914 Jan. 23.7904 90 00 11,25 17 37 26.70 —0.352.{ 0.007 1 1
2 Nov. 12.3260 | '923155.95 | 17 5155.90 | --0.355 | 0.011 1 1
3 1915 April 7.1674 90 46 02. 94 18 07 50.81 —0. 354 0,008 2 i 2
4 1919 Dec. 29.4285 97 33 11.51 19 21 04.55 —0. 362 0,019 4 -4
5 1925 Dec. 23.2823 105 17 11.93 20 54 19. 87 —0.365 { 0.035 | 2 . 2
6 1927 Jan. 6.2500 106 18 41.32 21 11 13.73 —0. 365 0.037 2 i 2
7 1930 April 24.1151 109 17 46.59 | 22 07 06.39 —0.365 0.-014 ! 103, 103
8 1931 Feb. 2.0000 111 14 17.13 22 10 11.88 —0. 364 0.049 67 67
9 1932 Feb. 4.0000 112 37 48.97 22 22 36.28 —0.362 0. 052 22 22
10 1933 March 15.0000 113 27 27.43 22 41 34.52 —0. 362 0. 051 21 21
11 1934 March 8.0000 114 59 04. 92 22 51 37.83 —0. 360 0.058 9 8
12 1935 March 18.6000 116 21 16. 98 23 03 20. 38 —-0.359 0.061 8 8
13 1937 March 7.0000 119 29 02.13 23 20 36.55 —0.353 0. 069 9 9
14 1938 March 11.6000 120 58 21.02 23 29 28,12 —0. 351 0.072 15 13
15 1939 Feb. 18.0000 122 54 16. 18 23 32 11.56 —0. 315 0.077 10 10
16 Dec. 11.0000 125 89 18.76 23 1308.83 | —0.333 0. 062 13 13
17 1941 March 27.0000 125 32 53.92 23 51 14.54 —0. 340 0.083 4 4
18 1942 March 3.0000 127 31 12.62 23 52 03.52 —0.335 0.088 23 23
19 1944 Feb. 28.0000 130 57 43.72 23 57 12.87 —0.325 0. 095 7T 6
20 1947 Jan. 22,0000 137 04 20. 19 23 41 44.74 —0. 302 0. 107 12 12
21 1948 Feb. 18.0000 138 14 12.06 23 52 00. 56 —0.298 | 0.110 21 21
22 1949 March 12.0000 139 33 48.93 23 56 47.52 —0.293 | 0.112 17 17
23 1950 Feb. 2.0000 142 16 53.74 23 35 39.99 —0.281 0.116 19 19
24 1951 March  22.0000 143 05 09.70 23 49 01.60 —0.278 | 0.118 20 20

22. TImprovement of the Center of Pluto's Elements

One of the basic stages in the work of correcting elements is representa-—
tion of the normal positions by theory. 1In the preceding chapters the pertur-
bation series of Pluto by Jupiter, Saturn and Uranus were used (Tables 8, 13,
and 18). Having values of the average anomalies of Pluto, Jupiter, Saturn and
Uranus for every moment of the normal position, we derive perturbations of the
logarithm of the radius vector, of the longitude in orbit, of the longitude of
node, and of the inclination by using the given series. Analytical computers
were used to calculate these values. The perturbations of Pluto by Neptune
were derived by interpolation from Table 20.

Table 23 gives the values of the perturbations for these moments.
We obtain the unperturbed coordinates of Pluto from the usual formulas of

elliptic motion for the moment of the normal position corrected for planetary
aberration:

- Wy="Ty - §2p -7 Y §0=:82¢ - 082,
W= W, - 5w, i=ig - 0,
log r = log g + § log r, 5 =82, -+ 652 COS L.
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B

Universal Time of
Ordinal Normal Position
Number (Corrected for

Aberration)

1 1014 January 23.5373
9 - November 12.0732
3 1915 April 6.9094
4 1919 December 29.1831.
5 1925 December 23.0442
6 | 1927 January 6.0133
7 1930 April 23.8756
8 1931 February 1.7684
9 1932 February 3.7697
10 1933 March 14.7687
11 1934 March 7.7708
12 1935 March 17.7715
13 1937 March 6.7754
14 1938 March 10.7766
15 1939 February 17.7796
16 December 10,7796
17 1941 March 26.7800
18 1942 March 2.7834
19 1941 February 27.7866
20| loi penuary o o
21 194 ar 793
292 iggg ﬁ:?gﬁ Y 1{ .;ggg
23 .

D1 | 1951 GoDINATY 97964

To determine the perturbed values of longitude

TABLE 23

Slogr-108

NERESS NN
&

tude b, we use the familiar formulas

tan ((-§)= cos i tan (w - o), sinb=sinisin(w—aq).

From 7, b, r by the formulas

pcosacosa=rcoslcosb+X@,

Sw X9
1141, 21 —159. 81
130. 44 --124.70
126,17 — 96. 30
128.92 --155. 19
54. 04 — 40.97
32.43 — 29.99
0.74 — 2.30
0.40 — 0.05
+ 0.27 4+ 2.21
-— 2.51 13.00
— 9,24 31. 38
— 21.53 56. 57
— 59.21 92. 20
— 81.76 83.13
—100. 95 4 46,20
113.82 — 6.20
--124, 31 —103.15
- 123,96 —155.79
~--109. 24 -~154, 63
— 92,18 + 71.51
— 05.23 159. 19
—103.73 205. 85
—113.44 194, 95
—125,22 105. 36

osinacosé=rsinlcosbcose—rsinbsine - Yy,

psiné=rsin/cosbsine -- rsinbcose -i- Zg

we proceed to a, §, and p.

267.

— 23,
+141.
197,
225.
219.
173.

in ecliptic ], and of

lati-

The coordinates of the sun Ak), KO, ZQ) we derive from the Annuals for the
moments of the normal positioms.

To correct the sixth ecliptical elements of Pluto, we use Eckert's modified
version (Samoylova-Yakahontova, 1945):

101



TABLE 24
Ordi-| | 1 1 1 %a 1 3
— B — o — 3 — b —_— — B “°scostAa v
pal | 5o 19 AL 43 32 @ go ce |10 peosta
1 | 407778802 | --0.2206026 | +-0.9882669 | +-0.9986081 | --0.6577472 | —0.7686285 | —0/13546 | —1.10
2 | "07883255| 02004947 | 09851538 | @ 0.9990572 |  0.5972166 | —0.7899508 | —0.12885 | —0.69
3| 07808704 02024142| 09836769| 0.9946021| 06269953 | —0.7803821 | —0.07141 | +0.54
4| 08099721| 01227774 09638380| 09835577 04295475 —08472111| —0.04135 178
5| 08442248| 00439589| 09331233 0.9643116| 0.1911681| —0.9124815| —0.07249 | 071
6 | 08488281| 00331584| 0.9274471| 0.9601909| 0.1556791 | —0.9205951| —0.08032 |  0.36
7 | 08619557 | +0.0030268 | 0.0085082| 0.9458188 | -+0.0474372 | —0.9421711| —0.04576 | --0.67
8 | 08708871| —0.0030432| 09031067 0.9437847 [ —0.0040934 | —0.9519438| —0.08889 | —0.73
9 | 08771236| —0.0099695| 0.8966236| 0.9396170 | —0.0477319 | —0.0591041| —0.05242 | —0.04
10 | 08806119| —0.0171384| 0.8898413| 0.9340733 | —0.0810519 | —0.9635928 | —0.03625 | -+0.11
11 | 08874352| —00220705| 08831584 0.9299509 | —0.1274666 | —0.9700975| —0.07469 | —1.30
12 | 08934530 | —0.0265068 | 0.8761871| 0.9252298 | —0.1714494| —0.0754140| —0.05576 | —1.16
13 | 09072179 —0.0312068| 0.8620308| 09162579 | —0.2670644 | —0.0852889 | -+-0.02109 | -+0.07
14 | 00136512| —0.0324010| 08547098 | 0.9113293 | —0.3139550 | —0.0889285 | —0.00142 | —1.05
15 | 09220460 | —0.0309689| 0.8472080| 0.9070000 | —0.3695131 | —0.9929455| +0.00315 | —1.51
16 | 09349531 | —0.0243111| 0.8385358| 0.9034860 | —0.4478191 | —0.9980486|  0.07616 | —0.18
17 | 09330031 | —0.0201858 | 08319447 | 0.8956028 | —0.4582553 | —0.9956838 | 010356 | +0.25
18 | 09413007 | —0.0240079| 0.8241560| 0.8909693 | —0.5151438 | —0.9972752| 017927 178
19 | 00552276 | —00125679| 08081751 0.8799558 | —0.6204340 | —0.9967037|  0.23121 1,91
20 | 09787081| 4+0.0181726| 07527893 0.8628112 | —0.7984638 | —0.9893209|  0.27261 0,62
21 | 09829676(  00250953| 07751584 0.8562758| —0.8409266 | —0.0847834|  0.29841 0.64
92 | 09876488| 0.0355168| 07672818| 0.8496435 | —0.8867194 | —0.9794510|  0.31712 | +0.39
93 | 09972526| 00542637 | 07580511| 0.8436649 | —0.9509712 | —0.9727475|  0.31598 | —0.77
24 | 09998457 | 400624284 | 10.7508122| 0.8366205| —0.9957572 | —0.9660289|  0.32569 | —1.24
1*| 02245824 —0.7650053 | —0.0011751 | 0.2880086 | +0.1878013| —0.2921402| 006185 | +1.7
9% 0.2147655| —0.7324068 | —0.0158916| 0.2735823|  0.1712472| —0.2142925| +0.03593 | +131
3*| 02230750 | —0.7127326 | 00071887 | 0.2826016| 0.1698525| —0.2230002| —0.14880 | —2.84
4% 01969274| —0.5041463 | —0.0505549 | 02395328 | 0.1067347 | 02058359 | —0,03659 | —0.78
5*| 01637350 | —0.2259884 | 00983156 | 0.1875877| 0.0401462| —0.1769506| +011682 | +2.19
6*| 01593131 | —0.1765174 | —0.1043187 | 0.1803612| +0.0300203 | —0.1727849| +0.04399 | -4-0.30
7¢| 01468405 | —0.0180026 | —0.1205518| 0.1592033 | —0.0010359 | —0.1599619| —0.02449 | —1.79
8*|  0.1358198| +0.0196068 | —0.1315184| 01465040 | —0.0042844 | 01483018 | —0.00522 | —1.48
9*| 01286183| @ 0.0683605| 01388562 | 0.1370495 | —0.0108916 | —0.1404291| +0.00519 | —1.37
10| 01251645| 0.1221784 | —01424200 | 0.1311602 | —0.0200122 | 01364022  0,03769 | —0.71
11*|  0.1168440| 071608632 | —0.1501696| 01200416 | —0.0247094 | —0.1271268|  0.07311 | +0.04
19*| 01094757 | 02197847 | 01566871 | 0.1117237 | —0.0296931 | —0.1187658|  0.12119 112
13*| 00915686 | 0.3155642| —01715356| 0.0909740 | —0.0349006 | —0.0985031|  0.15455 174
14*| 00820240| 0.3644489 | 01781038 | 0.0811395 | —0.0367941 | —0.0887722| 015252 158
15| 0.0708738| 0.4099763| —0.1872351 | 0.0685658 | —0.0344853 | —0.0755405|  0.15866 167
16*| 00497564 | 04492379 | —02031140| 0.0480493 | —0.0192484 | —0.0537448|  0.11725 | 060
17%| 00553429 | 05104216 | —0,1968206| 0.0513709 | —0.0365100 | —0.0576461 |  0.05376 | —1.30
18*|  00424969| 05517121 | —0.2054038| 0.0387921 | —0.0308819 | —0,0437895| 002742 | —2.07
19%| 400200776 |  0.6476989 | —0.2182842 | 4-0.0171447 | —0.0202888 | —0.0196169 | 006288 | —1.24
20* | —0.0224081 | 0.7790447 | —0.2408062 | —0.0201356 | +-0.0161984 | +0.0231006|  0.07803 | —0.76
21*| —00296219| 0.8262621 | —0,2423187 | —0.0269128 |  0.0192378 |  0,0310666|  0.14917 | -+1.18
92*| —00383200| 0.8721353 | —0.2444053| —0.0345044| 0.0258566| 0.0400489| 013865 |  0.89
93*| —0.0586669| 0.9005826 | —0,2545024 | —0.0503395| 0.0525125| 0.0582131| 011269 | -0.38
24%| —0.0631426 | 0.9566726 | —0.2527378 | —0.0544603| 0.0536253| 00634308  0,08468 | —0.45
TABLE 25

1 1 1 ta 1 1

- M — dw — — = JLIRP 1.

a2 Mo 43 2 a 80 ¢ 19 % ALY L
19.875888 20198542 | —5342443 | —20.826524 0.010771 18.441160 1.412200
4+20.198542 | +20.863055 | —4.058482 | —21.197821 | --0.000390 | +19.053132 | -+1.048404
— 5342443 | 4058482 | 7.018984 | + 5467512 | —0.058600 | — 3.677478 | —1.949838
—20826524 | —21.197821 | 5467512 | 121861453 | -—0.001155 | —19.357114 | —1.393189
= 0010771 | + 0.000300 | —0.058600 | — 0001155 | +7.610174 | ~— 0.988666 | -0.826939
18.441160 19053132 | —3.677478 | —19.357114 | —0.988666 | --18.931896 0.525360
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N . N ta
M, i 3R Sw - e
8x=in , Npz—N,y, —zsine—ycose, Ryz——R,y, x——% tx, Hx-- K% s
) . - (72)
“y‘—“%’ Nzx_Nxzy X COs g, sz—sz: )’—%t}', H}’+ K%)
o, 2 , 3 z
tz=--, NyY—Npx, Vsine, R.v—R,x, =5 tz, Hz+4-K--,
j pcosdAa ox —sina, —sinocosa
p AS ={3y cosa, —sindsina },
l &z 0 cos 8
where
N.=cos §2, R.=sinisin §, H=—(cos E -+ e)sc?o,

N,=sin Q cose, R,=—sinicos§ cose—cosisine, K=-<1 - i) sinkE.

N,=sin Q) sine, R,=—sinicos § sine - cosicose,

Table 24 gives the system of conventional equations which participate in
correction of the elements.

In the first column the number of the conventional equation is given, cor-
responding to the number of the normal position. The numbers without aster-
isks refer to equations for the right ascension; the numbers with asterisks
to the declination. In the last column the values of the discrepancies ex-
pressed in seconds of arc are given.

The system of normal equations obtained from the given conditional equa-
tions is given in Table 25. Here the unknown values are arranged in order of
their increasing weights.

The determinant of the system is very small because of the smallness of
the arc traversed by Pluto. Therefore, the corrections are determined with
an accuracy of only two or three significant places. Experiments conducted on
replacing some variables by others, and a change in the order of excluding the
unknown values in the given case, gave no appreciable improvements.

The systems of normal correction equations for the initial system of
Plutonian elements obtained after solution, are:

SM,= 111.84+ 16276,
do=— 67,81 + 148,60,
¢ =— 507+ 096,
8i= 4,04+ 1,02,
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de= 0.00007590 + 0.0000209%6,

8a= 0.003106 =+ 0.009592.
TABLE 26

Ordi— : Before Correction After Correction

nal Universal Time e A |‘ o T

No. Az A% Aa : A

14 ” " ! "
1 | 1914 Jan. 237901 | 099 +0.81 —1.11 | +1.95
2 Nov. 12.3260 .- 3.08 +0.82 ~—0.70 i +1.30
5 11915 April 7.1674 - 117 —4.46 +0.53 t =287
4 | 1919 Dec. 29,4285 + 080 —0.11 1.74 —0.79
5] 1925 Dec. 23.2823 — 199 +3.06 0.67 4219
6 | 1927 Jan. 6.2500 | — 458 —0.88 0.33 +0.38
7 11930 April  24.1151 - 1.20 ~0.59 40.66 | 179
§ | 1931 Feb. 2.0000 — 0.32 40.18 —0.73 { —1.48
9 11932 Feb. 4.0000 — 0.99 0.13 —0.05 : --1.37
10 | 1933 March  15.0000 — 0.15 0.87 +0.09 ; —071
11 | 1934 March 8.0000 — 1.47 1.84 —1.31 | +0.03
12 | 1935 March  18.0060 — 111 2.54 —1.21 i 1.11
13 | 1937 March 7.0000 4+ 0.95 4.14 +0.05 l 1.74
Lt | 1938 March  11.0000 - 012 3.5 —105 | 1.58
15 | 1939 Feb. 18.0000 + 095 4.94 ~1.51 \ 1.67
16 Dec. 11.0000 2.57 3.00 --0.23 j +0.39
17 1 1941 March  27.0000 3.56 1.27 +0.22 : —1.30
18 | 1942 March 3.0000 5,80 0.30 1.72 i —2.07
19 | 1944 Feb. 28.0000 7.36 1.68 1.91 : —1.24
20 | 1947 Jan. 22,0000 8.80 1.98 0.59 : - 077
21 | 1948 Feb. 18.0000 9.38 3.83 061. l S +107
22 | 1919 March 199000 9.41 3.86 40.32 , 0.90
23 | 1950 Feb. 2.0000 9.90 3.01 —0.77 ; +0.38
24 | 1951 March 95000 10.61 2.31 --0.89 .- 0.46
i

Table 26 presents the normal positions by theory before and after correction
of the elements.

Below are given the new heliocentric elements of Pluto:

Epoch and Osculation 1930 September 20.0

My=27512" 114
©0=11242 42.75!
§ =-10937 51.89
i~ 17 6 37.48

¢:=0.247 07348
@=-39.659 128

n-14.206 698

ecliptic
{ and equinox .1950.0
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APPENDIX
I. SYMBOLIC EXPANSION OF PERTURBATION FUNCTION

1l. Terms of Zero Class

1 "o 2p? 2 50,2 4 0,4 6 0.6 2 ;9,422 N
— Yy 2 W 606 222
5 (P, e'Py - e”Pyy ke Py + e "Pog - e’ e Py - L. )cos Y

' y . 3l . ) E \ ,
4 (ee’ PN | - ee®PS i ee®PY | Leve' PP L ) cos (V,—M -1- M')

-+ (e?e’gf”‘f,i,,2 . ) cos (V,—2M -- 2M")

+ ...

2 sl 2 32,3 ' } 7
+ (e Py, + e P+ L cos (V- 2M— M)
3 5 , 1,4 ‘
- (eP} 4 €'P] - ee”"P)% - ee Pl - L. ) cos (V;-- M)
. 0.1 0, 5 0: 7 , 2, s
. (e’P(” 1P 4 PO TP L e P PR L ) cos (V,-- M)

. (ee’r"Pf“;‘2 - (3(3’4/31141'2 =, ) cos (V,—M 1+ 2M")
(et PY Jcos (V;—2M +3M1)
L (eae’szl_l P ) cos(V,--3M —-M")
e (e2P§ L eQe’ZP;‘;‘; =, ) cos (V- 2M)
- (ée’P}:: Fee®PS - eeP% + e P+ .. ) cos (V,+M - M)
+ (e”Pg; - e”'Poy + e°PYs e P 4 .. ) cos (V, +2M")
- (ee’aPl_'f‘3 ee®PlS L ) cos(V,— M -+ 3M")

uE (e3P; oL ) os (V; + 3M)
- (eze'Pg;} + e P - L ) cos (V, -+ 2M - M’)
L (ee’QP;:; + ee’4P}:3 + .. ) cos (V, - M- 2M")
o (e’3P8:2 + ety -+ e Py e PP+ ) cos (V; -+ 3M')
4+ (ee"*Pl_“’l‘4 .. ) cos(V,—M -+ 4M")
+ ...
+(EeP A .. cos(V,+3M - M)
T (ee'3P::g -+ ee’SP}:§ A ) cos (V, -+ M 4-3M")
+ (eze’Zsz + .. ) cos (V,+2M - 2M")

+ (e"‘Pg;j 4P+ L ) cos (V;+ 4M')
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+ (ee'5p‘_’f;|5 + .. .) cos (V,—M -+ 5M")

+
4 (eze’SP"”3 4. ) cos (Vi 4+ 2M = 3M)
(66141)1 94 B )

1,477

cos(V,+- ML 4M)
+ (e e®Pys e Py + ) cos (V, 4+ 5M")
-+ .
+ (ee®Pig+ .. )cos (Vi+ M+ 5M)
S (e’GPO'g -+ .. ) cos (V; 4 6M")
+ (e’7P07—}— .. .)cos (Vi 7M)

-J_r--

2. Terms of First Class /96
+ (eQe’QP’Z'Q 2 o) cos (V4 2M—2M')
(ee’P’” (Fee®P ) e P ree®P 0 koL ) cos (Vl + M—~M')
+ (P10+ e?/_)r(?) _{_ e/QP/O,Q : /4P,04+ e/GP/00+ e e/QP/g’.g_{_ . .) cos V;

+ (ee’P'1 mteetPll e P fee®P 4+ ) cos (V;——M~:— M')
+ (e"’eﬂP’Q_"‘;2 + .. .)cos ( V,—2M + 2M')
+ ..

+ (eze’P’gjl Le e’3P’23 o+ )cos (V, -+ 2M——M')
+(ePtee P+ P e P+ L ) cos [V, + M)
+ (e ¢Po e P+ PPN P 4 e TP P ) cos ( V,+ M')
+ (ee’2P" Natee'P N+ .} cos (Vi——/VH— 2M')
+ (e e+ ) cos ( V,—2M + 3M')
+ ..
3 (eie’P’fl21 +e ’3P’23 01 T - )cos(V‘f——QM -l M') 97
G (ePL Fee P 4 &P e P L ) cos ( V;——M)
+ (e P+ EOPTL PP P  + TP+ Ee PR 4 L cos (Vi—M)

(ee’QP'”?—{—ee"‘P’”g—{— )cos(V‘f +M~—2M')
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+ (e2e’3P’§_‘3_3 + .. ) cos (V: -+ 2M—3M')

+ ...

-4 (e%'P'i:‘_l 4+ .. J cos(V,’ —i-~3M——M')
+ (e2 P+ eQe’QP’;’;‘; + .. ) cos ( vV, + QM)
+ (ee’Pyy +ee P + €' PY e P - Jeos (V, 4+ M + m)
+ (e’2P’g:§ ‘et P+ e PSP .)cos ( v, + 2:)
+ (ee""’P"_"L3 +ee®P 4+ L. ) cos (V,'—M + 3M')
4 ...
- (e3e'P’ig,1 4+ .. ) cos (V:.——BM -+ M)
+ (eQP’z_Q + eze’?P"‘ﬁ,,0 4o, ) cos (V,'—QM)
. (ee"P’E‘I_M1 ee’e’P’l_’al‘_1 + %P+ ee®P’tS _ + .. ) cos (V;-M—M')
(e""P’&‘"’_2 -+ e"'P’g:"_? - e’GP’g,'G_2 -+ er"e’r"P’g:Q_2 + .. ) cos (V;—QM')
- (eg"’P’iza_a +ee/5p/}:~‘f_3 -+, ) cos (Vl -+ M—BM')
+ ...
L (eap,§+ .. ) cos (V; -+ 3M)
4 (€ Py - P - L Jeos (V) +2M + M)
L (ee'QP/ll"g - ee"‘P’;“; + .. ) cos ( V, + M -+ 2/1/1')
; (3’3P’8§ + e’SP’g:g L e'7P’g:; + eQe’aP’gﬁ + .. ) cos ( V; + SM')
+ (ee™P + ) cos (V;—M + 4M')
+ ((3310’3_3 + .. ) cos (V;—3M)

A (e Py e P L .} cos ( v;—QM—M')
+ (ee P e P ol L Y cos (Vi —M—2M) 98
(PR PRl e TP -k E PR o L Y eos (V- -3M)
(et o )cos (Vi M —aM)

+ ...
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-+ (eae’P’;: . .)cos (V,' +3M - M')

-} (e"’e’QP’z:; + o ) cos (V‘ -+ 2M -f- QM')
+(eePiy e P+ L. ) cos (Vi+M-+ 3M’)
+ (PR e P+ Jeos (V; + M)

+ (ee™P s+ - Jcos (V=M + 5M')

+ ...

+ (e P+ ) cos (v;.-—sm—m’)

+ (e P L+ .. ) cos (V,—2M—2M')
+(ee”P ] +ee®PM 4+ .. ) cos (V,—M—34 )
+ (Pt e PN+ . ) cos [V, —am')

+ (eeP0 + .. Jeos (Vi + M—5M')
4+

(P + . Jeos (Vi 4 2M + 3M')
+ (ee”Pii+ .. Jcos (V, + M+ 44 )
+ (e’SP’g;g + &Pt Jeos V, + M )

4

2 /31,23
-+ (6‘ e PI—2,——3~'

L
v o) cos (Vi—2M~3M')
-+ (e*e"‘P’l"1 4 .. )

~1,~4 1

cos (V,—M—4/1)
+ (e’5P’§:5_5 +e TPl L ) cos (V;—5M')
+ o
€ (ee’SP';:g 4oL ) cos (Vl 4/14 + 5M’)
+ (e Plogt v ) cos (V) +6M')

S R 99
- (e’e"‘iP’l_‘sh__5 + .. ) cos (V;— M-- SM')

A (P2 L eos (Vi 0M)

T e



0 (e’7P’8:;-{~ .. ) cos(V; - 7M')

RN
- (e'7P’2:7_7 - ) cos (V;——7M')
-+ ...

3. Terms of Second Class
A (e’ Pyl L Y cos (V] - M)
+ (P”g + e’ P+ .. ) cos V,
+(ee’PM 4 Jcos (Vi—M + M)
+ .
+(eP" + .. Yeos (V] + M)
-+ (e’P"g:} FePt ) cos (V‘ -+ M’)

+‘(6P”’_1 SRl ) cos (V,M)

01 3 0,3 . BV )
+ (e POl etP L eos (V=M

+ ...

+(ee' Ptk L Ycos (V] + M+ M)
-+ (e’QP”g:§ + . ) cos (Vl" + QM')
+ ...

-+ (ee’P”l_"l,‘1 + .. ) cos(V}'—M—M')

+ (e’zP”g:"’_2 + .. ) cos(V:.'—QM')

+ ..

+ (c’3P"3:§ + . ) cos (V, 4 3M')
+ ...

4 (e’sP”g:a_a + .. ) cos (V,”——3M')
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I1. TABLES OF COEFFICIENTS OF NEWCOMB'S OPERATORS
1. Operators of Zero Class
n; n; | i
i [SP — —
N D D> ! D D2
-7 | +1.000000 —49.000000 | -+0.250000 +0.250000 —49.000000 | +0.250000 | +0.250000
—6 1.000000 —36.000000 0.250000 0.250000 —36.000000 0.250000 0.250000
-5 1.000000 —25.000000 0.250000 0.250000 —25.000000 0.250000 0.250000
-~4 1.000000 —16.000000 0.250000 0.250000 —16.000000 0.250000 0.250000
—3 1.000000 — 9.000000 0.250000 0.250000 — 9.000000 0.250000 0.250000
- 1.000060 -— 4.000000 0.250000 0.250000 — 4.,000000 0.250000 0.250000
—1 1.000000 — 1.000000 0.250000 0.250000 — 1.000000 0.250000 0.250000
0 1.000000 0.000000 0.250000 0.250000 0.000000 0.250000 0.250000
1 1.000000 — 1.000000 0.250000 0.250000 — 1.000000 0.250000 0.250000
2 1.000000 — 4.000000 0.250000 0.250000 -— 4.000000 0.250000 0.250000
3 1.000000 — 9.060000 0.250000 0.250000 — 9.000000 0.250000 0.250000
4 1.000000 ~-16.000000 0.250000 0.250000 —16.000000 0.250000 0.250000
5 1.000000 —25.000000 0.230000 0.250000 —25.000000 0.250000 0.250000
6 1.000000 —36.000000 0.250000 0.250000 —-36.000000 0.250000 0.250000
7 1.000000 —49.000000 0.250000 0.250000 —49.000000 0.280000 0.250000
g
i — e . R [,
D D2 D3 D4
—7 +587.234375 —12.156250 ~-5.953125 -+0.093750 +0.015625
—6 314.437500 — 8.906250 ~—4.328125 0.093750 0.015625
—5 149.609375 — 6.156250 ~—2.9353125 0.093750 0.015625
—4 59.750000 — 3.906250 —1.828125 0.093750 0.015625
—3 17.879375 — 2.156250 ~—0.953125 0.093750 0.015625
—2 -+ 2.937500 — 0.906250 —0.328125 0.093750 0.015625
—1 — 0.015625 — 0.156250 -+0.046875 0.093750 0.015625
0 0.000000 + 0.093750 0.171875 0.093750 0.015625
1 — 0015625 — 0.156250 +0.046875 0.093750 0.015625
2 2.937500 — 0.906250 —0.328125 0.093750 0.015625
3 17.859375 — 2.156250 —0.953125 0.093750 0.015625
4 59.750000 — 3.906250 —1.828123 0.093750 0.015625
5 149.609375 — 6.156250 —2.953125 0.093750 0.015625
6 314.437500 — 8.906250 —4.328125 0.093750 0.015625
7 587.234375 —12.156250 —5.953125 0.093750 0.015625
g, ¢
i - L. - —
D Dz Ds D4 Ds Ds
—7 | —2971.475694 | +141.246094 | -+43.568142 —1.944010 —0.218316 | 4-0.006510 | 4-0.000434
—6 | —1137.437500 74.636458 22.290799 —1.402344 —0.150608 0.006510 0.000434
—5 | — 358.767361 34.589844 9.786892 —0.944010 —0.093316 0.006510 0.000434
—4 | — 83.861112 13.156250 3.306424 —0.569010 —0.046441 0.006510 0.000434
—3 | — 11.406250 3.485677 | + 0.599392 —0.277344 —0.009983 0.006510 0.000434
—2 | — 0381944 + 0.328125 | — 0.084201 —0.069010 +0.016059 0.006510 0.000434
—1 | —  0.059028| — 0.066406 [ -+ 0.005642 -+0.055990 0.031684 0.006510 0.000434
0 0.000000| + 0.052083 0.118924 0.097656 0.036892 0.006510 0.000434
1 | — 0059028 —. 0.066406 | -+ 0.005642 -+0.055990 0.031684 0.006510 0.000434
2 | — 0381944 + 0.328125 | — 0.084201 —0.069010 +0.016059 0.006510 0.000434
3 | — 11.406250 3.485677 | -+ 0.599392 ~—0.277344 —0.009983 0.006510 0.000434
4 | — B83.861112 13.156250 3.306424 —0.569010 --0.016441 0.006510 0.000434
5 358.767361 34.589844 9.786892 —~0.944010 —0.093316 0.006510 0.000434
6 | —1137.437500 74.536458 22.290799 —1.402344 —0.150608 0.006510 0.000434
7 | —2971.475694 141.246094 43.568142 —1.944010 —0.218316 0.006510 0.000434
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g5 n_ii
{ .
D D2 D3 Di l D D2
—7 |+2401.000000 | —24.500000 | —24.437500 | +0.125000 | 4-0.062500 ||4-45.500000 | —0.250000| —-0.250000
—6 | 1296.000000 | —18.000000 | —17.937500|  0.125000 | 0.062500 | 33.000000 | —0.250000 | --0.250000
5| 625000000 | —12.500000 | —12.437500 |  0.125000 | 0.062500 | 922.500000| —0.250000 | --0.250000
4| 256000000 | — 8.000000| — 7.937500|  0.125000 | 0062500 || 14.000000| —0.250000 | -~0.250000
3 81.000000 | — 4.500000 | — 4.437500|  0.125000 | 0.062500 7500000 | —0.250000 | 0250000
2 16.000000 | — 2.000000 | — 1.937500|  0.125000 | 0.062500 3.000000 | —0.250000 | —0.250000
—1 1.000000 | — 0.500000 | — 0.437500{  0.125000 | 0.062500 0.500000 | —0.250000 | —0.250000
0 0.000000|  0.000000 | - 0.062500|  0.125000 | 0.062500 0.000000 | —0.250000 | -~0.250000
1 1.000000 | — 0.500000 | — 0.437500|  0.125000 | 0.062500 1.500000 | —0.250000| ~0.250000
2 16.000000 | — 2.000000 | — 1.937500|  0.125000 | 0.062500 5.000000 | —0.250000 | —0.250000
3 81.000000 | — 4.500000 | — 4.437500|  0.125000 | 0.062500 | 10.500000| —0.250000 | —0.250000
4| 256.000000 | — 8.000000 | — 7.937500|  0.125000 | 0.062500 | 18.000000| —0.250000| —0.250000
51 625000000 —12.500000 | —12.437500| 0.125000 | 0.062500 [ 27.500000| —0.250000 | —0.250000
6 | 1296.000000 | —18.000000 | —17.937500|  0.125000 | 0.062500 | 39.000000| —0.250000 | —0.250000
7 | 2401.000000 | —24.500000 | —24.437500|  0.125000 | 0.062500 | 52.500000| —0.250000| —0.250000
1,
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D D2 Ds Di
—7 — 915.250000 +16.437500 +10.218750 —0.125000 —0.031250
—6 — 469.875000 11.843750 7.250000 —-0.125000 —0.031250
—5 — 210.625000 8.000000 4781250 —0.125000 —0.031250
—4 — "76.750000 4906250 2.812500 —-0.125000 —0.031250
-3 — 19500000 9562500 1.343750 —0.125000- —0.031250
—2 — 2125000 0.968750 + 0.375000 —0.125000 —0.031250
—1 +  0.125000 0.125000 — 0.093750 —0.125000 —0.031250
0 0.000000 0.031250 — 0.062500 —0.125000 —0.031250
1 —  1.750000 0.687500 + 0.468750 —0.125000 —0.031250
2 —  16.375000 2.093750 1.500000 —0.125000 —0.031250
3 —  67.125000 4.250000 3.031250 —0.125000 —0.031250
4 — 189.250000 7.156250 5.062500 —0.125000 —0.031250
5 — 430,000600 10.812500 7.593750 —0.125000 —0.031250
6 -~ 848.625000 15.218750 10.625000 —0.125000 —0.031250
7 —-1516.375000 20.375000 14.156250 —0.125000 —0.031250
1,
; n_i3
D D2 D> Di Do Ds
—7 | + 5857.906250 | —256.166667 | — 96.364588 | 4-3.750115 | --0.569007 | —0.014323 | —0.001302
—6 2085.921900 | —129.751305 | — 46.938803 |  2.649742 0.386718 | —0.014323 | —0.001302
—5 501.979175 | — 56.817710 | — 19192708 |  1.727866 0235678 | —0.014323 | —0.001302
—4 116.156250 | — 19.740886 | — 5751304 |  0.993490 0115888 | —0.014323 | —0.001302
3 | 4+ 10656250 — 4.395833 | — 0739584 |  0.446613 | -4-0.027343 | —0.014323 | —0.001302
2 |1 T0192708| — 0157553 | + 0217448 | 0087240 | —0.020948 | —0.014323 | -—0.001302
1 0.062500 | + 0.008958 | — 0.005208 | —0.084635 | —0.055980 | —0.014323 | —0.001302
0 0.000000 | — 0.001302 | — 0.032552| —0.069010 | —0.050781 | —0.014323 | —0.001302
1 0322917 | — 0333333 | = 0.010416| +0.134114 | —0.014323 | —0.014323 | —0.001302
2 13850376 | — 4272136 | — 1.501303|  0.524740 | --0.053384 | —0.014323 | —0.001302
3 125.562500 | — 18.692708 | — 7.692708|  1.102866 0152344 | —0.014323 | —0.001302
4 612.510424 | — 53.970053 | — 23.188803 |  1.868489 0.282552 | —0.014323 | --0.001302
5 2123.906275 | —123.979165 | — 54.114586|  2.821614 0.444008 | —0.014323 | —0.001302
6 5921.078125 | —-246.095055 | —108.095052 |  3.962242 0636720 | —0.014323 | —0.001302
7 | 14177.479167 | —441.192713 | —194.255210|  5.290364 0.860676 | —0.014323 | —0.001302
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D D2 D3 D+
—7 — 921.375000 -1-4,250000 +10.406250 0.000000 —0.031250
—6 — 474375000 2.906250 7.437500 0.000000 —0.031250
—5 — 213.750000 1.812500 4.968750 0.000000 —0.031250
-—4 — 78.750000 0.968750 3.000000 0.000000 —0.031250
-—3 —  20.625000 0.375000 1.531250 0.000000 —0.031250
—2 —  2.625000 -+0.031250 0.562500 0.000000 —0.031250
-1 0.000000 —0.062500 0.093750 0.000000 —0.031250
0 0.000000 -+0.093750 0.125000 0.000000 —0.031250
1 —  1.875000 " 0.500000 0.656250 0.000000 —0.031250
2 — 16.875000 1.156250 1.687500 0.000000 —0.031250
3 —  (8.250000 2.062500 3.218750 0.000000 —0.031250
4 — 191.250000 3.218750 5.250000 0.000000 —0.031250
5 — 433.125600 4.625000 7.781250 0.000000 —0.031250
6 — 853,125000 6.281250 10.812500 0.000000 —0.031250
7 —1522.500000 8.187500 14.343750 0.000000 —0.031250
2
i o3
D D2 D3 D+
—7 --344.640625 —4.343750 —4.328125 -+40.031250 +0.015625
—6 167.437500 —3.000000 —2.984375 0.031250 0.015625
—d 69.140625 —1.906250 —1.890625 0.031250 0.015625
-4 22.000000 —1.062500 —1.016875 0.031250 0.015625
-3 4.265625 —0.468750 —0.453125 0.031250 0.015625
—2 0.187500 —0.125000 —0.109375 0.031250 0.015625
—1 0.015625 —0.031250 —0.015625 0.031250 0.015625
0 0.000000 —0.187500 —0.171875 0.031250 0.015625
1 2.390625 —0.593750 —0.578125 0.031250 0.015625
2 15437500 —1.230000 —1.234375 0.031250 0.015625
3 53.390625 —2.156250 —2.140625 0.031250 0.015625
4 136.500000 —3.312500 —3.296875 0.031250 0.015625
5 291.015625 —4.718750 —4.703125 0.031250 0.015625
6 549.187500 —6.375000 —6.359375 0.031250 0.015625
7 949.265625 —-8.281250 —8.265625 0.031250 0.015625
. 0y _}
i - -
D D? D3
—7 4-216.562500 —14.625000 —1.000000 - +4-0.062500
—6 141.375000 —11.062500 —0.875000 0.062500
—5 85.937500 — 8.000000 —0.750000 0.062500
—4 47.250000 — 5.437500 —0.625000 0.062500
—3 22.312500 — 3.375000 —0.500000 0.062500
—2 8.125000 - 1.812500 —0,375000 0.062500
—1 1.687500 — 0.750000 —0.250000 0.062500
0 0.000000 — 0.187500 —0.125000 0.062500
1 4+ 0.062500 — 0.125000 0.000000 0.062500
2 — 1.125000 — 0.562500 +0.125000 0.062500
3 —  6.562500 — 1.500000 0.250000 0.062500
4 — 19.250000 — 2937500 0.375000 0.062500
5 ~— 42,187500 — 4.875000 0.500000 0.062500
6 — 78.375000 — 7.312500 0.625000 0.062500
7 —130.812500 —10,250000 0.750000 0.062500




D
-7 —-6235.046875 | --476.679688
-6 —3076.265625 276.161062
—5 —1343.750000 146.661062
—4 — 496.781250 69.054688
-3 — 142.640625 27.210938
—2 —  26.609375 8.007812
—1 —  1.968750 1.320312
0 0.000000 | -+ 0.023438
1 0.015625 | — 0.007812
2 0.796875 | + 0.101562
3 17.062500 2.226562
4 105.531250 11.242188
3 394.921875 35.023438
6 1115.953125 84.445312
7 2631.343750 173.382812
I
{ — -
| D
—7 --7 000000 —0.500000
—6 6.000000 —0.500000
—5 5.000000 —0.500000
—4 -1.000000 -—0.500000
—3 3.000000 —0.5000."0
—2 2.000000 —0.500000
—1 ~+1.000000 —0.500000
0 0.000000 —0.50000
1 -—1.000009 —0.500000
2 --2.000000 —0.500000
3 -—3.000000 —0.500000
4 -4.000000 -—0.500000
5 - =5.000000 —0.500000
6 —6.000000 —0.500000
7 —7.000000 -—0.500000
i -
—7 —343.000000
—b —216.000000
—5 —125.000000
—4 — 64.000000
—3 — 27.000000
—2 — 8.000000
—1 — 1.000000
0 0.000000
1 1.000000
2 8.000000
3 27.000000
4 64.000000
5 125.000000
6 216.000000
7 343.000000
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D2 D3 D+ Ds
-}-54.085938 —4,125000 —0.101562 +0.007812
35.289062 —3.171875 —0.085938 0.007812
21.429688 —2.343750 -0.070312 0.007812
11.757812 —--1.640625 —0.054688 0.007812
5523438 —1.062500 —0.039062 0.007812
1.976562 —0.609375 —0.023438 0.007812
4- 0.367188 —0.281250 —{0.007812 0.007812
— 0.054688 —0.078125 --0.007812 0.007812
— (.039062 -—0.000000 0.023438 0.007812
— 0.335938" --0.046875 0.039062 0.007812
— 1.693312 —0.218750 0.054688 0.007812
— 4,867188 —0.515625 0.070312 0.007812
—10.601562 —~—0.937500 0.085938 0.007812
—10.648438 —1.484375 0.101562 0.007812
—32.757812 —2.156250 0.{17188 0.007812
3
| r
| D D? D
—203.000000 -+14.625000 -4 0.937500 —0.062500
—131.250000 11.062500 0.812500 —0.062500
— 78.750000 8.000000 0.687500 —0.062500
| — 42.500000 5.437500 0.562500 —0.062500
— 19.500000 3.375000 0.437500 —0.062500
—  6.750000 1.812500 0.312500 —0.062500
— 1.250000 0.750000 0.187500 —0.062500
0.000000 0.187500 +0.062500 —0.062500
0.000000 0.125000 —0.062500 —0.062500
4+ 1.750000 0.562500 —0.187500 —0.062500
8.250000 1.500000 —0.312500 —0.062500
22.500000 2.937500 —0.437500 —0.062500
47.500000 4.875000 —0.562500 —0.062500
86.250000 7.312500 —0.,687500 —0.062500
I 141.750000 10.250000 —0.812500 —0.062500
1,2
g
D D2 D3
+4-26.250000 -+1.625000 —0.125000
19.500000 1.375000 —0.125000
13.750000 1.125000 —0.125000
9.000000 0.875000 —0.125000
5.250000 0.625000 —0.125000
2.500000 0.375000 —0.125000
0.750000 --0.125000- —0.12500
0.000000 —0.125000 —0.125000
0.250000 —0.375000 —0.125000
1.500000 —0.625000 —0.125000
3.750000 —0.875000 —0.125000
7.000000 —1.125000 —0.125000
11.250000 —1.375000 —0.125000
16.500000 —1.625000 —0.125000
22.750000 —1.875000 —0.125000
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D D2 D3 I5% !
-7 4-4110.610625 - 378.710938 —35.593750 --3.632812 --0.062500
-0 1886.625000 —210.656250 —21.515625 2.726562 0.046875
—5 748.046875 —105.585938 —11.687500 1.9415312 0.031250
—4 239.000000 — 45.500000 — 5.359375 1.286062 +0.015625
—3 53.578125 — 15.3986438 — 1.781250 0.757812 0.000000
-2 -+ 5.875000 —  3.281250 — 0.203125 0.351562 —0.015625
-1 —  0.015625 -— 0.148438 4+ 0.125000 +0.070312 —0.031250
0 0.000000 0.000000 — 0.046875 —0.085938 —0.0-16875
1 - 0.015625 - 0.164062 + 0.031250 —0.117188 —0.062500
2 -— 5875000 - 0.343750 1.109375 —0.023138 —0.078125
3 —  53.578125 — 2460938 3.937500 --0.193312 —0.093750
4 —- 239.000000 — 14.250000 9.265625 0.539062 —0.109375
K] — 748.046875 — 44023438 17.843750 1.007812 —0.125000
6 —1886.625000 —103.781250 30.421875 1.601562 —0.140625
7 —4110.640625 —208.523438 47.750000 2.320312 ~-0.156250
01 0,3
; gy Iy
D D l D2
—7 —6.500000 +0.500000 +-130.750000 —11.687500 —0.625600
—06 —5.500000 0.500000 78.312500 — 8.500000 -—0.500000
—5 —4.500000 0.500000 42.125000 — 5.812500 —0.375000
—1 —3.500000 0.500000 19.187500 — 3.625000 —0.250000
—3 —2.500000 0.500000 6.500000 — 1.937500 —0.125000
—2 —1.500000 0.500000 - 1.062500 — 0.750000 0.000000 *
—1 —0.500000 0.500000 — 0.125000 — 0.062500 --0.125000
0 ~-+0.500000 0.500000 — 0.062500 -+ 0.125000 0.250000
1 1.500000 0.500000 — 1.750000 — 0.187500 0.375000
2 2.500000 0.500000 — 8.187500 — 1.000000 0.500000
3 3.500000 0.500000 — 22.375000 — 2.312500 0.625000
4 4.500000 0.500000 — 47.312500 — 4,125000 0.750000
5 5.500000 .0.500000 — 86.000000 — 6.437500 0.875000
6 6.500000 0.500000 —141.437500 — 9.250000 1.000000
7 7.500000 0.500000 —216.625000 —12.562500 1.125000
I-IO, 5
i . L e
D D2 D3 D+
—7 — 836.843750 -1.96.369793 - 6.882813 —1.028646 —0.007812
—6 — 347.653650 50.596355 3.606771 —0.742188 —0.00260+
—5 — 118.395835 23.203125 1.518229 -—0.497396 +0.002604
—4 — 29.039063 8.565104 -+ 0.367188 —0.294271 0.007812
—3 —  3.552083 2.057292 — 0.096354 —0.132812 0.013021
—2 +  0.096354 + 0.054688 — 0.122396 —0.013021 0.018229
—1 —  0.062500 — 0.067708 + 0.039062 +0.065104 0.023137
0 -+ 0.002604 -+ 0.06510% 4+ 0.138021 0.101562 0.0286:46
1 0.322917 — 0.171875 — 0.075521 0.096354 0.033854
2 6.929688 — 0.403646 — 0.851563 +0.049479 0.039062
3 41.854167 -+ 0744792 — 2.440104 —0.039062 0.044271
4 153.127604 5.648438 — 5.091146 —0.169271 0.049479
5 424781250 17.682292 — 0.054688 —0.341146 0.054687
6 986.846354 41.221355 —14.580729 —0.554687 0.059896
7 2025.354167 81.640626 —21.919271 —0.809896 0.065104
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—0.007812
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—0.007812
—0.007812
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—0.007812
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-0.062500
0.062500
0.062500
0.062500
0.062500
0.062300
0.062500
0.062500
0.062500
0.062500
0.062500
0.062500
0.062500
0.062500
0.062500
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40.002604
0.002604
0.002604
0.002604
0.002604
000260+
0.002604
0.002604
0.002604
0.002604
0.002604
0.00260+
0.002604
0.00260+
0.002604
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D D ! D D l Do Ds ' D
—7 | --2457.750000] —383.273437| — 22.579970| - 5974989 | —0.020839 | - 0029731 |- 0.000431 | | 0.000054
—6 | 680875922 —139.925347| — 6.398383|  2.960015 | —0.060493 | —-0:020128 | 0.000513 | 0.000051
5| 136.036455| — 40.028863|-— 0.608073| 1203830 | —0.064453 | —0.011827 | 0.000651 | ©.000051
1 14927246 —  7.350586| -- 0.499946| +0.323622 | —0.049533 | —0.004829| 0.000760 | 0.000054
_3 0.324653| — 0.349820| - 0.197157 —0.000922 | —0.023546| +0.000868 | 0.000868 | 0.000054
214+ 0096191] - 0008898 — 0057454 —0.027615 | +0.005697 |  0.005263| 0000977 | 0.000054
1S 0039062 — 0.056641) + 0.007595| --0.048231 |  0.030382| 0.008355| 0.001085 | 0.000054
0|— 0000054 + 0041124 L 0101291 0093804 | 0.042697| 0.010145| 0001194 | 0:000054
1l— 0083333 — 0.050951| — 0.004883| -1-0.038791 | 4-0.034831| 0.010634] 0.001302 | 0.000054
9 | — 1952637} -F 0.550781| - 0.148058| —0.124620 | —-0.001031| 0.009820| 0.001411 | 0.000054
3|— 30878472 3674262 = 2.331597| —0.341743 | —0.072700| 0.007704| 0.001519 | 0.000054
4= 2142277020 9259223  10.954720| —0.495388 | —0.187988 | - 0.004286| 0.001628 | 0.000054
5 | — 951.203125| - 101054687  30.182910| —0.405870 | —0.354709 | —0.000434 | 0001736 | 0.000054
6 | —3208.833062 — 16195520  71.593153| --0.169000 | —0.580675 | —0.006456 | 0.001845 | 0.000054
7 | 8979210938 —117.065321| 147738932 1533008 | —0.873698 | —0.013780 | 0001953 | 0.000054
. n&l
i . - J— .
| D D? D3
7 | --318.500000 - 26.125000 —1.500000 £0.125000
—6 198000000 —19/375000 11250000 0125000
-5 112500000 13625000 —1.000000 0.125000
3 56.000000 — 8875000 —0.750000 0.125000
3 22500000 51125000 ~0.500000 0.125000
2 6.000000 — 21375000 Z0.250000 0.125000
3 + 0.500000 — 0625000 0.000000 0.125000
0 0.000000 T 0.125000 -1-0.250000 0.125000
11— 1500000 ~ 0.195000 0.500000 0.125000
2 1 10000000 — 1.375000 0.750000 0125000
3 L 31500000 — 31625000 1.000000 0.125000
T — 720000000 — 6.875000 1.250000 0.125000
s | —137.500000 —11.125000 1560000 0.125000
6 | 234000000 16375000 1750000 0.125000
7| —367.500000 —22.625000 2.000000 0.125000
|
2,3
i 1—10,1
D D Ds D+ D
|
7 6406750000 | —G605.375000 | +60.390625 | —6.140625 —0140625 | +0.015625
6 C UBI0.50000 | 325578195 35453125 | 4500000 01109375 0.015625
s S 10551250000 155843750 18453125 | _.3.100375 —20.078125 0.015625
3| -- 307.000000 62796875 7800625 | —1.968750 0016875 0.015625
23 -~ 58500000 19.062500 2965625 | 1078125 —0.015625 0.015625
2 | = 4250000 3.265625 | + 0078125 | —0437500 0.015625 0.015625
1 L4 0125000 4+ 0031250 | — 0171875 | —0.046875 0.046875 0.015625
0 0.000000| - 0015625 | + 0015625 | -10.093750 0.078125 0015625
1 -|- 1.730000 — 0.250000 —  0.859375 —0.015625 0.100375 0.015625
2 32750000 | - 1.053125 | -—— 4206875 |  —0.375000 0.140625 0.015625
3 901.875000 15218750 | -- 11796875 | — 0984375 0.171875 0.015625
4 757.000000 51171875 | — 24.850375 | —1.843750 0.203125 0.015625
5 2150.000000|  139.437500 | — 44.981375 | 2953125 0231375 0.015625
6 5001.750000|  207.640625 | — 73671875 | —4.312500 0.265625 0.015625
7 10614.625000|  561.406250 | —112.421875 | 5021875 0.296875 0.015625
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{ D D2 l D3
—7 —119.875000 ++11.562500 +0.562500 —0.062500
—6 — 70.500000 8.375000 0.437500 —0.062500
-5 — 36.875000 5.687500 0.312500 —0.062500
—4 — 16.000000 3.500000 0.187500 —0.062500
-3 — 1.875000 1.812500 +0.062500 —0.062500
—2 —  0.500000 -+ 0.625000 —0.062500 —0.062500
—1 4+ 0.125000 — 0.062500 —0.187500 —0.062500
0 0.000000 — 0.250000 —0.312500 —0.062500
1 2.125000 -+ 0.062500 —0.437500 —0.062500
2 9.500000 0.875000 —0.562500 —0.062500
3 25.125000 2.187500 - 0.687500 —0.062500
4 52.000000 4.000000 —-0.812500 ~-0.062500
5 93.125000 6.312500 —0.937500 —0.062500
6 151.500000 9.125000 —1.062500 —0.062500
7 230.125000 12.437500 ~-1.187500 --0.062500
, .15
D2 Ds Dt Ds
—7 11270062500 | —152.604175 | —11.401042 +1.739583 +-0.020833 —0.005208
6 499.750000 | — 77.104167 | - 5.708333 1.223958 ~0.010417 —0.005208
—5 156562500 | — 33458333 | — 2203125 0.791667 0.000000 —0.005208
—1 33.000000 | — 11.201667 | — 0.385417 0.442708 —0.010417 —0.005208
-3 4 25562500 | — 2929167 | <+ 0241792 +0.177083 —0.020833 —0.005208
—2 | — 0230000 | - 0.104167 | - 0.187500 —0.005208 —0.031250 —0.005208
—1 -+ 0.062500 0.083333 | — 0057292 —0.104167 —0.041667 —0.005208
0 0.000000 0.083333 | - 0.010417 —0.119791 —0.052083 —0.005208
1 — 2937500 | 4 0479167 0.890625 —0.052083 —0.062500 —0.005208
2 | -- 30250000 | — 0.354167 3.083333 +0.098958 —0.072917 —0.005208
3| — 142437500 | — 6.041667 7.088542 0.333333 —0.083333 —0.005208
4| — 459000000 | — 22208333 13.406250 0.651042 —-0.093750 —0.005208
5 | —1178.437500 | — 56.479167 22536458 1.052083 —0.104167 —0.005208
6 | —2598.250000 | —118.479167 34.979166 1.536458 —0.114583 —0.005208
7 —5134.937500 | —219.833333 51.234375 2.104167 —0.125000 —0.005208
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—7 | — 467067708 | - 57.867195 | - 4.768230 —0.723965 —0.013021 -0.002604
_6 | — 171.890625 27.710942 2.304688 —0.494796 —0.007812 0.002604
—5 | — 48437500 11.091148 0.841146 —0.307295 —0.002604 0.002604
—4 | — 8364582 3957815 | < 0.127605 —0.161460 +0.002604 0.002604
—3 | — 0328125 + 0460938 | — 0.083937 —0.057293 0.007812 0.002604
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0.000000 — 0.250000 —0.312500 —0.062500
—  2.125000 — 2.187500 —0.687500 —0.062500
— 9.500000 — 5.625000 —1.062500 —0.062500
— 25,125000 —10.562500 —1.437500 —0.062500
— 52.000000 —17.000000 —1.812500 —0.062500
— 93.125000 —24.937500 —2.187500 —0.062500
—151.500000 —34.375000 —2.562500 —0.062500
—230.125000 —45.312500 —2.937500 —0.062500
s
D i D2 I D3 D4 D3
—1270.062500 | --334.041667 —23.359375 —0.885416 -+0.166667 —0.005208
— 499.750000 160.395833 —14.083333 —0.526041 0.135417 —0.005208
— 156.562500 64.770833 — 7.619792 —0.250000 0.104167 —0.005208
— 33.000000 19.541667 — 3.468750 —0.057292 0.072917 —0.005208
— 2562500 | 4+ 3.083333 — 1.130208 +0.052083 0.041667 —0.005208
+ 0250000 | — 0.229167 — 0.104167 0.078125 +0.010417 —0.005208
— 0.062500 | — 0.020833 + 0.109375 +0.020833 —0.020833 —0.005208
0.000000 | + 0.083333 0.010417 —0.119792 —0.052083 —0.005208
+  2.937500 2.458333 0.098958 —0.343780 —0.083333 —0.005208
30.250000 15.479167 0.875000 —0.651042 —0.114583 —0.005208
142.437500 53.520833 2.838542 —1.041667 —0.145833 —0.005208
459.000C00 136.958333 6.489583 —1.515625 —0.177083 —0.005208
1178.437500 292.166667 12.328125 —2.072917 —0.208333 —0.005208
2598.250000 551.520833 20.854167 —2.713542 —0.239583 —0.005208
5134.937500 953.395833 32.567708 —3.437500 —0.270833 —0.005208
0,3
g 3
D D2 D3
— 23.208333 + 6.479167 —0.625000 -+-0.020833
— 12.062500 4.166667 —0.500000 0.020833
— 5.166667 2.354167 —0.375000 0.020833
— 1.520833 1.041667 —0.250000 0.020833
— 0.125000 -+ 0.229167 —0.125000 0.020833
4+ 0.020833 — 0.083333 0.000000 0.020833
— 0.083333 + 0.104167 -+4+0.125000 0.020833
+ 0.562500 0.791667 0.250000 0.020833
2.958333 1.979167 0.375000 0.020833
8.104167 3.666667 0.500000 0.020833
17.000000 ,5.854167 0.625000 0.020833
30.645833 8.541667 0.750000 0.020833
50.041667 11.729167 0.875000 0.020833
76.187500 15.416667 1.000000 0.020833
110.083333 19.604167 1.125000 0.020833
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0,
; g5
I D De D3 Dt : D5
|
—7 | 4 136958333 | — 44.070311 | 4-4.250114 40048177 0029948 | 20001302
G 43089843 | — 17.925781 9334635 | 0001302 —0022135 0.001302
. 8917916 | — 5388021 1066406 | -—0029918 — 0014323 0.001202
1 e OSASI77 | — 0769531 | - 0320027 | —0.037760 0006510 0.001302
3| 2 0uostso | o 017187 | —-0001302 0024740 = 0.001302 0.001302
9| = 0037760 | 0010365 | —0.050781. | --0.609115 0.009115 0.061202
ST LD 0041667 | — 0054687 | +0.055990 0.063802 0.016627 0.001302
0 [ — 0316406 | — 0238281 0191010 0.139323 0.024740 0001302
1| — 4770833 | — 2403646 0238281 0235677 0.032552 0.001302
2 | — 96389392 | — 9863281 |  -+0.063803 0.352865 0.010365 0.001302
3| — 02156248 | _— 27420687 | - 0454497 0.490885 0.048177 0.001302
1| 2480055083 | — 061.415363 | —1.441406 0.649740 0.055990 0.001302
5 | — 564072017 | —119.632812 | —3.022135 0629427 0.063802 0001302
6 | —1139.191407 | —211.394531 | —b5.321614 1029918 0071615 0.001302
7 | —2106305833 | —347.513021 | —B8.464844 1.251302 0.079427 l 0.001302
g3
]
D D Do D+ D ) D ' D
7 {— 273876042 + 107.977214| —12.780338 | — 0.207884 | +0.169271 | —0.008529 | —0.000391 |-~ 0.000033
—6 |— 45044238 25.108593| — 4491113 | - 0045540 | = 0.075684 | —0.006608 | —0.000195 | ' 0.060033
Z5|— 2780208 + 2.878125| — 1.013737|  0.097624 | +0.020508 | —0.004427 | 0.000000| 0.000033
—4 |+ 0137728 —  0.152669| — 0.014225 | + 0.038053 | —0.004069 | —0.001986 | --0.000195 | 0.000033
—3 1 0070312] = 0062109 + 0028906 | — 0.015983 | —0.005859 | —-0.000716|  0.000391 | 0.000033
—2 = 0032975 — 0009766 — 0.050358 | — 0.009798 | +0.00732+| ' 0.003678 | 0.000586| 0.000033
—1 = 0029167 —  0.041146] + 0,019466 | — 0048796 | 0027669 0006901 | 0.000781| 0.000033
0+ 0071191+ 0091992 - 0.072363| -- 0.089486| 0.047363| 0.010384| 0.000977| 0.000033
I 2435417 0.748047)  0.370182| — 0020540 | 0.058594| 0.014128| 0.001172| 0.000033
2 99.157064 7457292 — 1974186 | — 0476595| 0053548 | 0018132 0001367 | 0.000033
3 178790625  40.359375| — 5.468164 | — 1.536491 | +0.024414|  0.022396| 0.001562| 0.000033
4 742.070280|  148.140820| —11.518131 | — 3.520540 | —0.036621| 0.026921 1 0.001758 | 0.000033
5| 2307.878646]  426.472526| —20.602604 | — 6.811556 | —0.137370| 0.031706] 0.001953| 0.000033
6| 6510.465508] 1040.947206] —32.887507 | —11.854850 | —0.285645| 0.036751| 0.002148 | 0.000033
7| 15548.916668] 2054.517188] —48.101627 | —19.158235 | —0.459258 | 0.042057 | 0.002344| 0.000033
; g3
D D De D+ Ds
—7 | 41137.208333 | —323.281250 | +26.442708 | --0.442725 0151042 | -10.005208
—6 434250000 | —153.015625 16026042 | 40.166667 —0.119792 0.005208
—5 129766667 | — 60.145833 8.671875 | —0.026042 —0.088542 0.005208
4 24.333333 | — 17.046875 3880208 | —0.135417 0057292 0.005208
—3 | 4+ 1125000 | — 20093750 | + 1151042 | —0.161458 —0.026042 0.005208
—2 | L 0083333 | + 0338542 | — 0015625 | ~—0.104167 +0.005208 0.005208
—1 | + 0083333 | _ 0125000 | — 0119792 | +0.036458 0.036458 0.005208
0 0000000 | + 0.140625 | < 0.338542 0.260417 0.067708 0.005208
1 | — 2958333 | — 1239584 0.859375 0.567708 0.098958 0.005208
2 | — 32416667 | — 12.640625 0.042708 0.958333 0.130208 0.005208
3 | — 1531000000 | — 48437500 | - 0.088542 1432292 0161458 0.005203
4 | — 490333333 | —129.005214 | — 2.203125 1.939583 0.192708 0.005208
5 | —1251.041667 | —280.718750 | — 6.432232 2.630208 0.223958 0.005208
6 | —2742750000 | —535.953125 | —13.098058 3.354167 0.255208 0.005208
7 | —5394.083333 | —033.083333 | —22.703125 4161458 0.286458 0.005208
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i 1, 4
D D2 D D+ Ds
-7 — 117.851567 | 4+ 41.384114 —4.627606 4-0.035158 -4-0.026042 —0.001302

6 35.125000 16.291667 --2.507313 0.063800 0.018230 —0.001302
-5 — 6523110 4.555090 —-1.106772 0.071615 0.010417 —-0.001302
-4 0250000 | - 0.480582 —0.299450 0.058595 40.00260- —0.001302
-3 — 0007812 - 0.005052 -£0.039062 ; 0.024738 —-0.005208 ~0.001302
-2 0.000000 | -4 0.114583 -+ 0.033854 —-0.029948 —0.013021 —0.001302
-1 4o 0070312 | —  0.069011 —0.190104 —0.105468 —0.020833 —~0.001302

0 0.000000 1~  0.333333 —0.507812 —0.201823 —0.028646 —0.001302

1 4.085938 | - 1.134114 —0.794270 —0.319010 —0.036458 —0.001302

2 26.125000 7.645833 —0.921479 —0.457032 —0.044270 —0.001302

3 94414065 24014322 —0.773137 —0.615885 —0.052083 -- 0.001302

4 256.750000 56.552083 —0.216145 —0.795573 —0.059895 ~-0.001302

5 585.429700 113.071615 ~+-0.872396 —0.996096 —0.067708 —0.001302

6 1182.250000 202.835421 2.617188 —1.217446 —0.075520 —0.001302

7 2183.507833 336.805996 5.143230 —1.459635 —0.083333 —0.001302

. M
{ . - . ‘ - - PR

i i ) , Do | D ’ Di

Tl 895201007 1 159000000 - 15611583 | -0 606667 ! -0.010417
6 339.627000 105:010417 11.895833 0.583333 1 —0.010417

5 —1768.230000 G4.770833 S LBLGTTUNS 0.500000 I - 0.010417

1 - 79916667 36.281250 — 5955333 0.416667 | —0.010417
3 -+ 29.375000 17.541667 - 3.739583 0.333333 —0.010417
S2 0 -- 7375000 6.572083 — 2.020833 0.250000 —0.010417
-1 — 0666667 < 1.312500 — 0.802083 0.166667 —0.010417

0 ] 0.000C00 — 0.177083 — 0.083333 --0.083333 ~ 0.010417

Lo 0.125000 - 0.083333 4+ 0135417 0.000000 - 0.010417

2 b 0208333 -~ 0.093750 — 0.145833 —0.083333 —0.010417

3 | -— 1.730000 — 2145833 — 0.927083 —0.166667 —0.010417

ool - 12750000 -~ 8.635417 — 2.208333 —0.250000 —0.010417

5 - 43.541667 — 21.375000 — 3.989583 —0.333333 —0.010417

6 108.875000 — 42.364583 — 6.270833 —0.416667 —0.010417

7 227.500000 -- 43.604167 - 9.052083 | ~0.500000 ~ 0.010417

1
\ 1 J 1
35
P N \ —
j i D : D2 | D D1
¢ . I i . _ -
| | ,

7 C4944%1375 1 -=149.375000 +16.890625 —0.813750 < 0015625
-6 255562500 | == 91.312500 12.203125 -—0.718750 0.015625
-5 115234375 1 -— 50.500000 8.265625 —0.593750 0.015625

| 42000000 | 2= 23.937500 5.078125 -—0.168750 0.015625

30 10359375 | -= 8.625000 2.6 10625 —0.343750 0.015625

2 0.812300 —- 1562500 0.953125 —0.218750 0.015625

1 0.110625 I -- 0.230000 -1 0.015625 --0.093750 0.015625

0 0.000000 | 0.187500 — 0.171875 -+0.031250 0.015625

(O 0265625 <= 0.125000 - 0.390625 0.156250 0.015625

2 3.502500 [ 4.187500 1.703125 0.281250 0.015625

3 21951375 15.000000 3.765625 0.406250 0.015625

4 71.500000 33.562500 6.578125 0.531250 0.015625

5 | 174600375 G8.875000 10.140625 0.656250 0.015625

v 359.812500 117.937500 14.453125 0.781250 0.015625

7 6G61.609375 | 185.750000 19.515625 0.906250 0.015625

|
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i )
D
-7 —-162.458333 4 56.958333
6 — 72.375000 31.031250
—5 — 95.833333 14.354167
—1 —  6.083333 4.927083
3 — 0375000 4= 0.750000
—9 £+ 0.011667 ~- 0177083 |
~1 | = 0083333 - 0.145333
0 0.000000 —- 0.981250
1 —  2.958333 — 3458333
2 — 16.208333 - 11.385417
3 — 51.000000 — 926.062500
4 122583333 — 49.489583
5 —950.208333 — 83.666667
6 —457.125000 —-130.593750
7 —770.583333 —192.270833
I
i
—7 |4 958.708310| -~ 376971342 | -- 51.818954
—6 258.539058 | — 129.099608 22.970700 |
—5 41.739580 | — 31.414063 8.026040
—1 o 2192708 — 3352212 [+ 1.702474
—3 |-~ 0981250| — 0.398436 | — 0.062500
214 0075520! -~ 0.099610 | — 0.081380
—1]— 0041667 — 0.03385¢ | = 0.083333
0 0.000000| —  0.158203 0.119140
1|~ 4770833 4789062 |  0.963342
2 52.778644 32921223 | 4.804035
3 276.468744 128.367185 15.078125
4 992293932 369.689-144 36.473305
5 2820.364510 880.200500 74.927080
6 6835.148262 | 1837.962880 | 137.626950
7| 14744.770153'  3485.788970 | 233.010413
{ - - .
' D
I _ o
-7 4 16.835038 — 7.114583
-6 5.854167 — 3.203125
-5 1.304688 — 1.041667
4 0.062500 — 0.130208
-3 4+ 0.002604 -+ 0.031250
-9 0.000000 - 0.057292
—1] — 0.070312 £+ 0.104167
0 + 0.666667 1.015625
1 4.085938 3.177083
2 13.062500 7.088512
3 31.471354 13.250000
i 64.187500 22.161458
5 117.085938 34.322917
6 197.041667 50.234375
7 311.929688 70.395833

124

— 7.614583
— 5083333
— 3.052083
— 1.520833
— 0.489583
+ 0.041667
+ 0072017
— 0.395833
— 1.364583
—- 2833333
— 4.802083
— 7.270333
—10.239583
—13.708333
—17.677083

L5
I_Il 3

)

D3 )

—1.792318
—1.175130
—0.682943
—0.315753
--0.073569
--0.043620
+0.035807
—0.097005

-0.351818
—0.737632
—1.245442
—1.878257
—2.636068
—3.518881
—4.526692

+-1.169271
0.684896
0.325521
+0.091146
—0.018229
—0.002604
+0.138021
0.403646
0.794271
1.309896
1.950521
2716146
3.606771
4.622396
5.763021

+0.458333
.375000
0.291667
0.208333
0.125000
-+ 0.041667
—-0.041667
—0.125000
—0.208333
—0.291667
—0.375000

—0.541667
—0.625000
—0.708333

—0.458333"

b |

—0.233725
—0.132159
—0.056641
~0.007160
-+0.016276
+0.013672
—0.014974
--0.069662
--0.150390
—0.257162
—0.389974
—0.548830
—0.733724
—0.941t64
—1.181640

ps

—0.088542
—0.067708
—0.046875
—0.026042
—0.005208
+0.015625
0.036458
0.057292
0.078125
0.098958
0.119792
0.140625
0.161458
0.182292
0.203125

D>

1.0.024088
0.018830
0.013672
0.008 163

+-0.003255

—0.001953

—0.007162

—0.012370

—0.017573

——0.022757

—0.027995

—0.033203

—0.038412

—0.043620

—0.048828

Dt

—0.010416
—0.010416
—0.010416
- -0.010116
—0.010416
— 0010416
~ 0.010116
—0.010416
—0.010116
—0.01041C
—0.010416
—0.010416
—0.010416
—0.010116
—0.010416

Di

— 0.0000651
I —0.000651
I —0.000651
—0.000651
—0.000651
—0.000651
—0.000351
-—0.000651
—-().000651
—0.000651
—0.0000651
—0.000651
—0.000651
|~ 0.000651
I —0.000651

i

+0.002604
0.00260+
0.002604
0.00260+4
0.00260+
0.002604
0.002604
0.00260+
0.002604
0.00260 t
0.002604
0.002604
0.00260+
0.002604
0.00260 4

S



, g
{
D D2 D3 Da Ds Ds
—7 | — 52515625 | + 26.431900 | — 4.938932 +0.328776 4+0.014974 —0.003255 | 4-0.000130
-6 | — 8.658333 6.218750 | — 1.685677 0.180339 -+0.003255 —0.002214 0.000130
—5 | — 0.257292 + 0.540625 | — 0.319141 0.073568 —0.003255 —0.001172 0.000130
—d 4+ 0.062500 | — 0.102083 | + 0.035577 --0.008464 —0.004557 —0.000130 0.000130
—3 [-- 0011458 | + 0.040234 - 0.003776 —0.014974 —0.000651 -+0.000911 0.000130
—2 | 4+  0.020833 | — 0.032292 | — 0.039844 --0.003255 -10.008464 0.001953 0.000130
—1 — 0.028125 | —  0.069661 + 0.029818 0.063151 0.022786 0.002995 0.000130
0| — 0533333 | — 0.571875 -+ 0.087760 0.164714 0.042318 0.004036 0.000130
1 —  7.557291 —  4,788932 | — 0.241016 0.307943 0.067057 0.005078 0.000130
2 | — 44350000 | — 20.720833 | — 1.581510 0.492839 0.097005 0.006120 0.000130
3 | — 168.848958 | — 63.117577 | — 4.808724 0.719401 0.132161 0.007161 0.000130
4 ~ 497.179167 | — 185.479167 | .—11.047656 0.987630 0.172526 0.008203 0.000130
5 | —1233.153125 | — 332.055599 | —21.673307 1.297526 0.218099 0.009245 0.000130
6 | —2703.770833 | — 639.846875 | —38.310676 1.649088 0.268880 0.010286 0.000130
7 | —5400.719792 | —1140.602995 | —62.834766 2.042318 0.324870 0.011328 0.000130
n bs /7
i L LS - -
D Dz D3 D4 D5 Ds
—7 | 4+ 42422919 | — 93.464064 | +- 4.970835 | —0.430335 | —0.001950 | -+0.002738 | —0.000130
—6 (.329688 | — 5111590 1.616014 | —0.224608 | +0.005857 0.001695 | —0.000130
—5 0156250 | — 0341145 | + 0.257293 | —0.0813/8 |  0.008462 | +0.000653 | —0.000130
Z4 | 4+ 0019792 | 4+ 0034766 | — 0042840 | —0.000652 | +0.005859 | —0.000388 | —0.000130
—3 | 0025000 | — 0046352 | + 0.028126 | +0.017578 | —0.001953 | —0.001431 | —0.000130
2 | + 0014062 | + 0102095 | 4 0032682 | —0.026693 | —0014974 | —0.002473 | —0.000130
-1 0.066667 | —  0.079688 | — 0.216667 | —0.133463 | —0.033202 | —0.003515 | —0.000130
0 0.000000 | —  0.406901 | — 0.657422 | —0.302734 | —0.056640 | —0.004557 | —0.000130
1 5618750 | - 2.058854 | — 0.977084 | —0.531506 | —0.085286 | —0.005599 | —0.000130
2 40.66510+ 15005078 | — 0613150 | —0.828776 | —0.119140 | —0.006641 | —0.000130
3 164.818750 52.860272 | 4 1.246874 | —1.185546 | —0.158204 | -—0.007683 | —0.000130
4 497.696880 138.838934 5665495 | —1.604818 | —0.202475 | —-0.008725 | —0.000130
5 | 1248854185 306.851565 | 13.955206 | —2.086590 | —0.251955 | —0.009767 | —0.000130
G | 9753782848 | . 603.504695 | 27.678514 | —2.630861 | —0.306638 | —0.010810 | —0.000130
7 | 5515912570 | 1090.505765 | 48.647919 | —3.237633 | —0.36653+ | —0.011852 | —0.000130
; 2,3
; 33
D D2 D3 D4 D5
—7 | — 670.140625 | +277.018220 | —46.054689 | -+3.833333 —0.158854 | -1-0.002604
—6 | — 262.359375 131.335938 | —-26.445314 2.661458 —0.132812 0.002604
—5 | — 80729167 51638021 | -—13.273438 1.697917 —0.106771 0.002604
—4 | — 15988750 14549479 | — 5.289063 0.942708 —0.080729 0.002604
—3 | — 0796875 | 4+ 1695312 | — 1.242188 0.395833 —0.051687 0.002604
2 |+ 0067708 | — 0209478 | + 0117187 | 0057291 —0.028646 0.002604
—~1 | < 0093750 | + 0190104 | -- 0.039062 | —0.072917 —0.002604 0.002604
0 0.000000 — 0.210938 — 0.226563 +$-0.005208 --0.023437 0.002604
1 —  0.369792 4 0.122396 +4- 0.570312 0.291667 0.049479 0.002604
2 6.078125 7.815105 3.679688 0.786458 0.075521 0.002604
3 44,625000 34.492188 10.351563 1.489582 0.101562 0.002604
4 168.552083 96.778646 21.835938 2.401042 0.127604 0.002604
5 469.140625 216.299479 39.382813 3.520833 0.153646 0.002604
6 1085.671875 419.679688 64.242188 4.848958 0.179688 0.002604
7 2215.427083 738.544271 97.664063 6.385417 0.205729 0.002604
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) 4
i S
D D Ds D4 Ds
7| 4 117.851567 | — 58220052 | -+11.742188 | —1.204430 +0.062500 —-0.001302
6 35.125000 | — 29145833 5710038 | —07486396 0.049479 0001302
-5 6.523440 | — 5.860677 2148438 | —0.397135 0.036458 — 0001302
~4 0250000 | — 0552082 | -+ 0.429688 | —0.149741 0.023438 0001302
~3 |+ 0007812 | -+ 0092448 | - 0070312 | —0.006510 +0.010417 —0.001202
2 0000000 | — 0114584 | -+ 0023438, | -0.032352 ~.0.002604 —0.001302
1 | — 0070312 | + 0139323 | -+ 0085937 | ~-0.032552 — 0015625 —-0.001302
0 0.000000 | — 0.333333 | — 0.507812 | —0.201823 —0.028646 —0.001302
1| — 4085938 | — 5200052 | — 2.382812 | —0.475260 0041667 —0.001302
9 | — 96125000 | — 20708333 | — 5164063 | —0.852864 —0.054687 —0.001302
3 | — 04414065 | — 55485680 | —12.476563 | —1.334636 —0.067708 —0.001302
4 | — 236750000 | —120.739586 | —21.945313 | —1.920573 —0.080729 —0.001302
5 | — 585499700 | —230.157565 | —35.195313 | -—2.610675 —0.093750 —0.001302
6 | —1182250000 | —399.927091 | —52.851564 | —3.404950 —0.106771 20001302
7 | —2183.507833 | —648.735667 | —75.530063 | —4.303385 0119792 —0.001302
0,
[ g 2
D D2 J D3 Ds Ds
7 | — 6060417 | + 3784896 | — 0980469 | -+0.131510 —0.009115 | -+0.000260
6 | — 1.054948 0.039844 | — 0.347656 0.066406 —0.006510 0.000260
—5 | — 0031250 | + 0071354 | — 0058504 | --0.022135 —0.003906 0.000260
—4 | — 0004048 | — 0008073 | - 0.011719 | —0.001302 0001302 0.000260
—3 | + 0008333 | + 0014062 | — 0011719 | —0.003906 10.001302 0.000260
2 |,— 0007031 | — 0049740 | — 0003906 | -+0.014323 0.003906 0.000260
1 "= 0066667 | -+ 0113021 | -+ 0.160156 0.053385 0.006510 0.000260
0 | + 0813802 1.314844 0.605469 0.113281 0.009115 0.000260
1 5618750 4.868229 1.457031 0.194010 0.011719 0.000260
2 20.332552 12.585677 2.839844 0.295573 0.014323 0.000260
3 54.930584 26.779688 4.878906 0.417969 0.016927 0.000260
4 124.424220 50.262761 7.699219 0.561198 0.019531 0.000260
5 249.770833 86.347397 11.425781 0.725260 0.022135 0.000260
6 458.963802 138.846094 16.183594 0.910156 0.024740 0.000260
7 787.987500 212.071354 22.097657 1.115885 0.027344 0.000260
0,7
; Mg 5
D D? D l Da Ds [ Ds > D
—7 |+ 7647916| —  6.306597| + 2.092687| —0.335731 |--0.020074 | +0.001345 | —0.000260 |-+-0.000011
6| 0033735| — 0.299600! + 0.247103| —0.081391 | ' 0.011122 | +0.000011 | ~0.000152 | 0.000011
51 0039062 + 0074870 — 0.041840| +0.003787 | +0.002821 | —0.000543 | —0.000043| 0.000011
il 0.000098|— 0021376/ + 0.010362] 4-0.005740 | —0.002224 | —0.000315 | +0.000065| ©.000011
30—~ 0000347 + 0.026562| + 0.000716| —0.010428 |—0.001411 |-+0.000694 | ' 0.000174| 0.000011
9| 0014941 —  0025781] — 0036274 —0.000435 | +-0.007867 | ' 0.002485 | 0.000282| 0.000011
11D 0016667 —  0.004748| — 0003602 1-0.059125 |  0.028212 | 0.005056 | 0.000391 | 0.000011
0|—  0.847710| — 1.081055 — 0.116764,  0.170888 | 0.062220 | 0.008409 | 0.000499| 0.000011
1| 11743750| — 8682291 — 0278754 0316612 | 0112522 | 0012543 | 0.000608| 0.000011
o | 790556280/ — 30.705424| — 5.455067| 0.457237 | 0.181695 | 0017459 | 0.000716| 0.000011
3| 297.045660| — 130.879207| — 16.048697| 0532867 | 0,272352 | 0.023155 | 0.000825| 0.000011
2| 944454004 — 350.167122| — 38.275139 0.462771 | 0.387099 | 0.029633 | 0.000933| 0.000011
5 | — 92596.328124| — 810.578993| — 79.537388| +0.145388 | 0.528537 | 0.036892 | 0.001042| 0.000011
6 | — 5955.502437| —1686.484375| —140.800944| —0.541677 | 0.699273 | 0044933 | 0.001150| 0.000011
7 | —12744.871875| —3232.424600| —261.968793| —1.741656 | 0001910 | 0.053754 | 0.001259| 0.000011
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o2

-6
—5
—4
-3

—1

NG R WN—O

Nk WN—=O

42,422919
6.329688
0.156250
0.019792
0.025000
0.014062
0.066667
0.000000
5.618750

40.665104

— 164.818750

— 497.696880

—1248.854185

—2753.782848

—5515.912570

P10

+

0.816688
0.015625
0.003277
0.004361
0.008789
0011111
0.067817
1.012500
7.705751
30.914931
92.095117
228.378472
498.699240
990.918750
1829.950412

F

—  0.007812
- 0.001691
+ 0.001935
0003641
4 0.008730
— 0014532
—0.072321

1.276573
10.5 18884
46.229279
149.870784
402.550191
947.433482
2019.696244
3984.652083

A

D

4+ 29.524480

6.166538
1+ 0.37239
—  0.029818
4+ 0.038020
~ 0.095965
4 0.146335
—  0.406901
— 7.677604
— 35.337630
— 107.808856
— 263263154
— 556.622405
—1062.558500
—1878.493275

0.791298
0.038281
0.000543
0.000347
0.008529
0.048351
0.128494
1.713542
7.256272
21.181163
50.287695
104.250347
196.118598
342.816927
565.644813

+ 4141

D |

0.020257
0.001073
0.001835
0.001442
0.006021
0.050273
0.150595
2.244367
10.621993
34.367132
89.693650
202.883125
413.722340
779.440786
1379.148165

o B e el e ol

;3
D2 Ds D Ds Ds
— 8.755731 | 4 1.410805 | —0.129560 | 4-0.006378 | —0.000130
— 2.555858 0.572264 | —0.072263 0.004815 | —0.000130
—  0.328647 | + 0.139972 | —0.030598 0.003253 | —0.000130
+ 0.050912 | — 0.011068 | —0.004557 0.001691 | —0.000130
— 0.042188 | — 0.005858 | 4-0.005859 [ -+0.000129 { —0.000130
+ 0.017058 | + 0.030599 | +-0.000650 | —0.001433 | —0.000130
+ 0.103645 | — 0.026693 | —0.020182 | —-0.002995 | —0.000130
— 0.657422 | — 0.302735 | —0.056640 | —0.004557 | —0.000130
— 3.891145 | — 0.922525 { —0.108725 | —0.006119 | —0.000130
— 11.972526 | — 2.011068 | —0.176432 | —0.007681 —0.000130
— 28.026562 | — 3.6933G60 | —0.259765 | —0.009243 | —0.000130
— 55928256 | — 6.094402 | —0.358723 | —0.010805 | —0.000130
—100.302604 | — 9.339190 | —0.473305 | —0.01.367 | —0.000130
—166.524614 | —13.552733 | —0.603518 | —0.013930 | —0.000130
—260.719279 | —18.860025 | —0.749350 | —0.015492 { —0.000130
0,6
r-IO, 6
D2 D3 D4 D3 Ds
-+ 0.330165 —0.075629 -+ 0.009983 —0.000716 | 4-0.000022
4+ 0.035243 —0.015950 0.003798 | -—0.000456 0.000022
— 0.005122 | +-0.002062 | -1-0.000217 | —0.000195 0.000022
4+ 0.005946 | —0.000760 | --0.000760 | -+0.000065 0.000022
— 0.009679 | —0.003581 +-0.000868 0.000326 0.000022
— 0.005122 | --0.014431 0.005100 0.000586 0.000022
+ 0.191493 0.074110 0.011936 0.000846 0.000022
0.877040 0.196289 0.021376 0.001107 0.000022
2.473394 0.401801 0.033420 0.001367 0.000022
5527431 0.711480 0.048069 0.001628 0.000022
10.711024 1.146159 0.065321 0.001888 0.000022
18.821050 1.726671 0.085178 0.002148 0.000022
30.779384 2.473850 0.107639 0.002409 0.000022
47.632900 3.408529 0.132704 0.002669 0.000022
70.553472 4.551541 0.160373 0.002930 0.000022
ng.7
D2 D3 D1 D5 Ds i D7
0.020356| + 0.010493 | - 0.003038 | +0.600499 | —0.0000-13 | -0.000002
0.00'682| — 0.001335 | 1-0.000163 | 4-0.000076 | —0.000022| 0.000002
0.001671; -+ 0.001053 | +0.000109 | —0.000087 0.000000 | 0.000002
0.004091{ — 0.000575 | —0.000597 | 40.000011 | 4-0.000022 ; 0.000002
0.009028| — 0.003613 | -+0.000651 0.000369 0.000043 | 0.000002
0.006521} 4 0.015375 0.006456 0.000987 0.000065 | 0.000002
0.233615 0.100662 0.019423 0.001866 0.000087 { 0.000002
1.245888 0.317350 0.042155 0.003006 0.000109 | 0.000002
4.002300 0.751378 0.077257 0.004405 0.000130{ 0.000002
10.037359 1.509515 0.127333 0.006066 0.000152 | 0.000002
21.573068 2.719368 0.194987 0.007986 0.000174 1 0.000002
41.643934 4.529373 0.282823 0.010167 0.000195{ 0.000002
74.221962 7.108800 0.393446 0.012609 0.000217 |  0.000002
124.341656] 10.647754 0.529460 0.015310 0.000239 | 0.000002
198.225022] 15.357172 | 0.693468 0.018273 | 0.000260| 0.000002
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2. Operators of First Class
1,1 ‘1,
i my I i, 2
t D l D? D l p? | D3 l Dt
—5 | -+27.000000 |4-0.750000 | —0.250000 || —283.875000 | —1.093750 | +6.562500| 0.000000 | —0.031250
—4 17.500000 | 0.750000 ( —0.250000 | —111.875000 | —0.375000 | 4.281250] 0.000000 | —0.031250
-3 10.000000 | 0.750000| —0.250000 || — 32.750000 | +0.093750 | 2.500000) 0.000000 | —0.031250
—2 4.500000 | 0.750000 | —0.250000 | — 5.250000 0.312500 | 1.218750| 0.000000 | —0.031250
~1 | -+ 1.000000 | 0.750000] —0.250000 | — 0.125000 | +0.281250 | 0.437500| 0.000000 | —0.031250
0| — 0500000 | 0.750000| —0.250000 | — 0.125000 0.000000 | 0.156250| 0.000000 | —0.031250
1 0.000000 | 0.750000 | —0.250000 0.000000 | —0.531250 | 0.375000| 0.000000 | —0.031250
2 1 2~ 2.500000 | 0.750000] —0.250000 || — 6.500000 | —1.312500 | 1.093750| 0.000000 | —0.031250
3 7.000000 | 0.750000| —0.250000 [| — 38.375000 | —2.343750 | 2.312500( 0.000000 | —0.031250
4 13.500000 | 0.750000) —0.250000 | —126.375000 | —3.625000 | 4.031250| 0.000000 | —0.031230
5| 22.000000 | 0.750000| —0.250000 | —313.250000 | —5.156250 | 6.250000| 0.000000 | —0.031250
’ ’ 10,
. g n? ng?
D D? D Dz
—5 | 4-1.000000 —36.000000 +0.250000 | 4-0.250000 —16.000000 | 4-0.250000 | 4-0.250000
—4q 1.000000 —25.000000 0.2350000 { 0.250000 — 9.000000 0.250000 0.250000
-3 1.000000 —16.000000 0.250000 |  0.250000 — 4.000000 0.250000 0.250000
—9 1.000000 — 9.000000 0.250000 | 0.250000 — 1.000000 0.250000 0.250000
—1 1.000000 — 4.000000 0.250000 [ 0.250000 0.000000 0.250000 0.250000
0 1.000000 — 1.0C0000 0.250000 0.250000 — 1.000000 0.250000 0.250000
1 ; 1.000000 0.000000 0.250000 | 0.250000 — 4.000000 0.250000 0.250000
2§ 1.000000 — 1.000000 0.250000 | 0.250000 — 9.000000 0.250000 | 0.250600
3 1.000000 — 4.000000 0.250000 | 0.250000 —16.000000 0.250000 0.250000
4 1.000000 — 9.000000 0.250000 | 0.250000 —-25.000000 0.250000 0.250000
5 1.000000 —16.000000 0.250000 | 0.250000 —36.000000 0.250000 0.250000
70, 4
; I 0,0
D Dz D3 D4
-5 4+ 59.750000 —3.906250 —1.8281925 +0.093750 -1.0.015625
—4 17.859375 —2.156250 —0.953125 0.093750 0.015625
-3 4 2937500 —0.906250 —0.328125 0.093750 0.0156925
-2 — 0.015625 —0.156250 +0.016875 0.093750 0.015625
-1 0.000000 +0.093750 0.171875 0.093750 0.015625
0 —  0.015625 —0.156250 4-0.046875 0.093750 0.015625
1 4+ 2937500 —0.906250 —0.328125 0.093750 0.015625
2 17.859375 —2.156250 —0.953125 0.093750 0.015625
3 59.750000 —3.906250 —1.828125 0.093750 0.015625
4 149.609375 —6.156250 —2.953125 0.093750 0.015625
5 314.437500 —8.906250 —4.328125 0.093750 0.015625
i, ey
l D l D2 D D2 ( D3 [ Ds
—5 | 421000000 |—1.250000 | —0.250000 | —115.125000 | --12.156250 | -3.312500 | —0.250000 { —0.031250
—14 12.500000 | —1.250000 | —0.250000 | — 32.500000 6.437500 1.593750 | —0.250000 | —0.031250
-3 6.000000 | —1.250000 | —0.250000 | —  4.250000 2468750 | +0.375000 | —0.250000 | —0.031250
—2 | &+ 1.500000 | —1.250000! —0.250000] + 0.375000 | -+ 0.250000 |-—0.343750 ] —0.250000 | —0.031250
—1 | — 1.000000 |—1.250000 | —0.250000 0.125000 | — 0.218750 | —0.562500 | —0.250600 | —0.031250
0| — 1.500000 |—1.250000]—0.250000( + 1.750000 | 4 1.062500 |—0.281250 | —0.250000 | —0.031250
1 0.000000 | —1.250000 | —0.250000 0.000000 4.093750 | +-0.500000 | —0.250000 | —0.031250
2 | + 3.500000 |—1.250000|—0.250000( — 22.375C00 8.875000 1.781250 | —0.250000 | —0.031250
3 9.000000 | —-1.250000 | —0.250000| — 94.625000 15.406250 3.562500 | —0.250000 | —0.031250
4 16.500000 | —1.250000 | —0.250000 || ~—258.000000 23.687500 | 5.843750 | —0.250000 | —0.031250
5 26.000000 { —1.250000 | —0.250000| —565.750000 33,718750 | 8.625000 | —0.250000 | —0.031250
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-3

Utd= I — O

AP W — O

il
[ D
corats000 | 4312500
54687500 - 22250000
96.250000 0687500
9562500 +03375000
+ 1.625000 0937500
- 0.562500 1.000000
0000000 0562500
+ 0.312500 -20.375000
2625000 ~—1.812500
—11.812500 —3.750000
—30.250000 —6.187500
— 96.000000
-~ 45.000000
— 16.000000
—~ 3000000
0000000
~ 1000000
0:000000
- 9.000000
32.000000
75.000000
144000000
ng} U
Lo
!I
3500000 | 50500000 |
—2.500000 0:500000 |
— 11506000 0.500000 |
— 0500000 0300000
0500000 | 0500000 !
1.500000 0500000 |
25500000 | 0.500000
3500000 | 0500000
4500000 | 0.500000
5500000 ' 0500000
6500000 |  0.500000 |
D
- 29.039063 | - 8.565104
— 3550083 21057292
+ 0096354 | - 0.054688
0062500 | — 0067708
40002604 |+ 0.065104
0322917 | — 0171875
6920685 | — 0403646
41854167 | + 0744792
153.127604 5.648438
424.781250 17682202
986846354 41,221355

—1.125000
—-1.000000
—0.875000
—0.750000
—0.625000
~—0.500000
—0.375000
—0.250000
—0.125000

0.000000
+0.125000

+9.500000
5.750000
3.000000
1.250000
0.500000
0.750000
2.000000
4.250000
7.500000
11.750000
17.000000

-+ 19.187500

6.500000
-+ 1.062500
- - 0.125000
-= 0.062500
- 1.750000

8.187500
-— 22375000
- - 47.312500
— 86.000000
-—141.437500

0.367188
0.096354
0.122396
0.039062
0.138021
0.075521
0.851563
2.440104
5.091146
9.054688

I B IO S

1
n

D
+0.062500 -+ 6.000000 —0.500000
0.062300 5.000000 —0.500000
0.062500 4.000000 --0.500000
0.062500 3.000000 —0.500000
0.062500 2.000000 —0.500000
0.062500 --1.000000 —0.500000
0.062500 0.000000 —0.500000
0.062500 —1.000000 —0.500000
0.062500 —2.000000 —0.500000
0.062500 —3.000000 —-0.500000
0.062500 —4.000000 —0.500000
2
D2 D3
-+-1.375000 —0.125000
1.125000 -—0.125000
0.875000 —0.125000
0.625000 —0.125000
0.375000 —0.125000
-1 0.125000 —0.125000
—0.125000 --0.125000
—0.375000 —0.125000
——0.625000 —0.125000
—0.875000 ~0.125000
—1.125000 —0.125000
g
D i D2 D3
—-3.625000 -—0.250000 -+0.062000
—1.937500 —0.125000 0.062000
—0.750000 0.000000 0.062000
--0.062500 +0.125000 0.062000
+0.125000 0.250000 0.062000
—0.187500 .375000 0.062000
—1.000000 0.500000 0.062000
— 2.312500 0.625000 0.062000
—4.125000 0.750000 0.062000
—6.437500 0.875000 0.062000
—9.250000 1.000000 0.062000
D3 D1 Ds
—0.294271 +0.007812 +0.002604
—0.132812 0.013021 0.002604
—0.013021 0.018229 0.002604
-0.065104 0.023437 0.002604
0.101562 0.028646 0.002604
0.096354 0.033854 0.002604
-+0.049479 0.039062 0.002604
—0.039062 0.044271 0.002604
—0.169271 0.049479 0.002604
—0.341146 0.054687 0.002604
—0.554687 0.059896 0,002604

—14,580729
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) ' 71,2
: g . iy
i —— = — e e — e m - R —— - ]
’ D p- | p | | o | | D
t i !
5 | +126.000000 | —18.875000| —0.750000 |=-0.125000 — 24.000000° : 6.250000 | _0,0.;2@(){_0.092:}00
T30 62500000 | —13.125000 | —0.500000 | 0125000 — 8.125000]  3.562300 | (187500 | —0.062500
-3 ‘ 21000000 | — 8.375000| —0.250000 | 0125006 — 1.000000 | +1.375000 | —0:312500 | —0.062500
9 |« “4500000 | — 4.625000]  0.006000 | 0.125000° + 0.375000 | —0:312500 | —0.437500 | —0.052300
11 L 20000000 | — 15875000 0250000 | 0:123000¢ — 1000000 —1.500000 | —0.562500 | —0.062500
0| 1500000 | — 0.125000{  0.500000 | 0.1Z5000 — 2125000 | —2187500 | —0.057500 | —0.062500
P, 0000000 | + 0625000 0750000 | 0125000 0.000000 2375000 t —0.5612500 | —0.062500
2 | — 3500000 | + 0375000/  1.000000 | 0.125000 -+ 8.:375000 | —2.052500 | —0.637500 | —0.052500
31 — 18000000 | - 0.875000, 1250000 1 0.125000° ' 26.000000 | —1.230000 | —1.062500 | —0.062506
i | — 49.500000 | — 3125000 |  1.500000 | 0.123000.  55.875000 | —0.662500 | —1.167500 | —0.062500
5 | —104.000000 | — 6.375000] 1750000 | 0.125000, 101.000000| ~1.875000 | --1.812500 | —0.062500
! n/?,r)ll 1'-1111
I3 > — e - — . - e o e e -~
D ) D2 D ] ) D
-5 —49.875000 — 2.062500 ! 0.875000 | +0.062500 —6.000000 ! —0.500000
4 —93.437500 — 0.625000 0.750000 0.062500 5000000 | — 0390000
—3 —"8.250000 - 0312500 0.625000 0.062500 1000000 | —0.500000
—2 — 1.312500 0.750000 0.500000 0.052500 3000000 1 —0.500000
—1 4+ 0.375000 0.657500 0.375000 0.062500 2000000 | —0.300000
0 . 0.187500 4 0.125000 0.250000 0.062500 Z1000000 T — 0500000
1 0.000000 — 0937500 | +0.125000 0.062500 0000000 | - 0.300000
2 - 3.937500 — 2300000 | 0.000000 0.062500 1000000 | 0500 00
3 14.625000 — 1562500 | —0.125000 0062500 4 2000000 | —03300000
4 35.062500 — 7125000 | —0.250000 0062500 . 3000000 | —0.500000
5 68.250000 —10.187500 | —0.375000 0062500 . 4.000000 | —0.500000
1,2 /0,1
. I 1—1, 0 [‘; M, 2y
l e e —_— e e e e e
l D ! D2 ] D3 i D
1
- - O . =
-5 4+ 96000000 6500000 | —1625000 | —0.125000 4500000 | 20560000
—4 45.000000 3230000 | —1.375000 012500 ) 3500000 | 0.500000
3 16.000000 + 1000000 | —1.123000 ‘ —0.125000 2500000+ 0500000
—9 3.000000 201230000 | —0.875010 —-0.125000 1500000 0.500000
7 0.000000 — 0500000 | —0.625000 0125000 0500000 1 0300000
0 4+ 1.000000 + 0250000 | —0.375000 —0.125000 ~-0.500000 ‘ 0500000
1 0.000000 2000000 | —0.12570) ~—0.125000 1500000 | 0.500000
9 — 9.000000 1750000 | -+0.125000 —0.125000 ' —2.500000 |  0.500000
3 — 32.000000 8500000 | 0.375000 —0.125000 —35 0000 0.500000)
4| — 75000000 13.250000 0625000 | —0.125000 4500000 \ 0.500000
5| 142000000 | 10000000 | 0873000 | —0.125000 —5.500000 0.500000
. gt !E g,
{ . e e - . —_ - - — e ——
" | o | o !5 | D | o [ Ds
—5 | —162.000000 | —16.875000 | +1.250000 | -+0.123000, —47.312500 —4.125000( 20750000 |.+0.062300
—1 | — 87:500000 | —11.625000 | ' 1.000000|  0.125000] —22:375000 | — 2.312500,  0.625000 | = 0.062500
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--0.166667 —0.010417
—0.083333 —0.010417

0.000000 —0.010417
+0.083333 -—0.010417
0.166667 —0.010417
0.250000 —0.010417
0.333333 —0.010417

Dy D+

-+0.140625 --0.00260+
0.119792 0.002604
0.098958 0.002604
0.078125 0.002604
0.057292 0.002601
0.036158 0.0062604

+0.015625 0.002604

~—0.005208 0.002604

—0.026042 0.002604

—0.046875 0.002604

—0.067708 0.002604

Dt Ds
—0.001302 -+0.000260
+0.001302 0.000260
0.003906 0.000260
0.006510 0.000260
0.009115 0.000260
0.011719 0.000260
0.014323 0.000260
0.016927 0.000260
0.019331 0.000260
0.022135 0.000260
0.024740 0.000260
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, &
: Tl . /126
D i Dz D3 D+ i D>
g ——————- = - - ‘l:_ —
—5 | +124.424220 | --50.262761 - 7699219 £0.561198 +0.019531 +0.000260
—1 54.939584 926.779688 4.878906 0.417969 0.016927 0.000260
-3 22(3“?3?“’5 152&23(7 2.3:_39834 0.295573 0.014323 | 0.000260
T 4 osiosoe | 19tesi4 | 080509 0173081 0009115 | 0:000960
0 | — 0066667 | -+ 0.113021 +.0.160156 0.053385 0.006510 0.000260
1 — 0007031 | — 0.049740 ~.0.003906 40014323 0.002906 0.000260
DT | oo | enne | embs | oo | s
4 | — 0031250 | - 0071354 —-0.058594 10.022135 —0.003906 0.000260
5 | — 1.054948 0.939844 —0.347656 0.066406 —0.006510 0.050260
3. Operators of Second Class
wl, I P
L R
i i
D D: |
3 +7.500000 +1.750000 —0.250000 i +1.000000
= g | TR i
- —1.0 AD —0.20 ! .
0 —3.000000 1.750000 —0.250000 ] 1.000000
] —2.500000 1.750000 —0.250000 ) 1.000000
2 0.000000 1.750000 —0.250000 i 1.000000
3 +4.500000 1.750000 —0.250000 ; 1,000000
i
| e : i
i - ! . .
D D 1! D ( D
T _:*_l -~ o - - - P .
-3 — 1.000000 +0.250000 | +0.250000 ! 2500000 —2.230000 | —0.250000
= | Coem | Chgm ) Tomin - Tuewn | im | -twe
o | T 5500000 0:520000 0230000 i _5.000000 73330000 | 0220000
1 — 9.000000 0.250000 0.250000 | —3.500000 —2.250000 —0.230000
2 —16.000000 0.250000 0.250000 || 0.000000 —2.250000 —0.250000
3 —95.000000 0.250000 0.250000 | 4-5.500000 —2.250000 —0.250000
'I
I
" ! 70, 1
) I } ]! g4
L SO . .
D ” D
. : = e
—3 +5.000000 ~0.500000 ! —0.500000 +0.500000
—2 4.000000 -—0.500000 i +0.500000 0.500000
N N e
. -—0. ' 5 .
1 -£1.000000 —0.500000 ! 3.500000 0.500000
2 0.000000 —0.500000 1 4500000 0.500000
3 —1.000000 —0.500000 ‘i 5.500000 0.500000
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g
! J— -
D D
-3 — 0.125000 —0.062500 £ 0.125000
—2 — 0.062500 +0.125000 0.250000
—1 — 1.750000 20187500 0.375000
0 — 8187500 —1.000000 0.500000
1 — 92375000 —2.312500 0.625000
2 — 47312300 — 41125000 0.750000
3 —$6.000000 —6.437500 0.875000
- FATY |:-
I3t 3 E-1 )
i ~ [
{ D
-3 +1.500000 +0.500000 — 1730000
—2 1-0,500000 0.500000 — 0.062500
-1 —0.500000 0.500000 — 0125000
0 —1.500000 0.500000 + 1.062500
1 —92.500000 0.500000 6.500000
2 —3.500000 0.500000 19.187500
3 —4.500000 0.500000 42.125000
nnpg
{ _ _ PO DU R,
‘ D l D
-3 —2.500000 +2.750000 —0.250000
—2 ~-2.000000 1.750000 —0.250000
-1 1500000 +0.750000 —0.250000
0 5.000000 ~0.250000 —0.250000
1 3500000 —1.250000 —0.250000
2 0.000000 —2.250000 —0.250000
3 —5.500000 — 3250000 —0.250000
I—Iul_,lly o
i . .. L. D
D j D2
3 | —7.500000 —3.250000 —0.250000
—2 —2.000000 —2.250000 —0.250000
-1 +1.500000 —1.250000 —0.250000
0 3.000000 —0.250000 —0.250000
1 +2.500000 £+0.750000 —0.250000
2 0.000000 1.750000 —-0.250000
3 —4.500000 2750000 —0.250000
3
Pl ) A L
D D= D
3 | — 0.083333 |--0.104167 | -0.125000 | -0.020833
—2 |+ 0562500 | 0.791667 0.250000 |  0.020833
—1 | 2058333 | 1.979167 0.375000 | 0.020833
0| 8104167 | 3.666667 0.500000 | 0.020833
1| 17.000000 [ 5854167 0.625000 | 0.020833
2| 230645833 | 8.541667 0.750000 | 0.020833
3| 50.041667 | 11.729167 0.875000 | 0.020833

‘E 1" 1 '
i _ o

{ D D

] 10.062500 — 5000000 —0.500000

0.062500 —-4.000000 —0.500000
1 0.062500 -—3.000000 0500000
0.062500 —2.000000 —0.500000
0.062500 —1.000000 —0.500000
0.062500 0.000000 —=0.500000
0.062500 -£1.000000 —-0.500000

n"& 3—1

{ D D2 l D3
—0.187500 +0.375000 +0.062500
+0.125000 0.250000 0.062500
~0.062500 +0.125000 0.062500
—0.750000 0.000000 0.062500
—1.937500 —0.125000 0.062500
—3.625000 —0.250000 0.062500
—5812500 | —0.375000 0.062500

II "

: n3

i D D
— 0.125000 +0.125000 +0.125000
+ 0.500000 0.625000 0.125000

2.125000 1.125000 0.125000
4750000 1.625000 0.125000
8.375000 2125000 0.125000
13.000000 2.625000 0.125000
18.625000 3125000 0.125000

| g2,

'[ D D=
+2.125000 +1.125000 +0.125000
4-0.500000 0.625000 0.125000
20.125000 +0.125000 0.125000
+0.250000 ~.0.375000 0.125000

1.625000 ——0.875000 0.125000
4.000000 —1.375000 0.125000
7.375000 —1.875000 0.125000
nl/()‘ 3
1
+2.958333 | +-1.979167 | +-0.375000 |-+-0.020833

10562500 | 0791667 | @ 0.250000 |  0.020833

0.083333 | +0.104167 | 4-0.125000 | 0.020833

10020833 | —0.083333 | ' 0.000000 | 0.020833

—0.125000 | +0.229167 | —0.125000 | 0.020833

—1.5,0833 |  1.041667 | —0.257000 | 0.020833

—5.166667 | 2.354167 | —0.375000 | 0.020833
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III.

PARTIAL VALUES OF OPERATORS FOR COMPUTING
CORRECTIONS FOR SECOND TERM
(Operators from -1, +2, -4, +8, -16, +32, -64, +128)

I

s

i, 0

v 4

0, 0
u, 6
H(), 0

9
n?2

i
1,1
|8
L3
-y

1,5
ll_f,1

3,1
Iy

1,2
1—11 0

1,4
Mg

138

—1
+1

—1
+1

—1
+1

+1

—1
+1

—1
+1

—1
+1

—1
+1

—1
+1

—1
+1

—1
+1

—1
+1

0.500000000
0.500000000

0.500000000
0.500000000

0.015625000
0.015625000

0.025173611
0.025173611

—0.250000000
—0.250000000

0.000000000
—0.100000000

0.006000000 |

0.750000000

0.000000000
—0.104166667

0.000000000
0.750000000

—0.015625000
—1.265625000

—1.687500000
0.187500000

1.265625000
0.000000000

—2.000060000
0.000000000

1.500000000
0.0600000000

1.000000000
0.000000000

0.031250000
0.000000000

"9
mf,
m:3,
Hg,' L
n;
n3
nj
md

1,5
0y

s

3,1
I

)

—1
+1

—1
+1

-1
+1

—1
+1

—1
+1

—1
+1

—1
+1

—1
+1

—I1
+1

—1
+1

—1
+1

—1
+1

—1
+1

—1
+1

—1
+1

—1
+1

1.500000000
—0.500000000

0.0000000600
0.375000000

0.000000000
—0.052083333

0.000000000
0.013888889

—0.750000000
0.250000000

0.000000000
—~0.187500000

0.000000000
—~0.750000000

0.000000000
0.750000000

—0.005208333
—1.125000000

—2.666666667
0.250000000

—3.375000000
- -0.125000000

1.687500000
0.062500060

3.000000000
0.000000000

0.000000000
0.000000000

0.000000000
0.000000000

—2.250000000
0.000000000

]
.
i
|
i

‘]

0,2 —1
g3 +1

—1
+1

—1
41

—1
+1

—1
+1

1

1,5
127 5 41

—1
+1

—1
SR

—1
+1

1,4
Iy

—1
+1

—1
+1

—1

—1
+1

—0.125000000
—0.375000000

—0.041666667
0.375000000

—0.024414062
—(0.108398438

0.062500000
0.187500000

0.000000000
—0.666666667

0.000000000
0.833333333

—5.333333333
—0.166666667

5.062500000
—~0.062500000

0.000000000
0.046875000

—0.250000000
0.000000000

—0.083333333
0.000000000

—0.041666667
—0.333333333

—0.010416667
0.416666667

—0.008333333
—0.179166666

0.020833333
0.166666667

[

|

1,4
-7,

1.5
g3

0,7
g 5 +1

L5 (41

—1
+1

—1
+1

0.000000000
—0.651041667

8.000000000
—0.083333333

—-0.42187500D
—0.046875000

—0.083333333
0.000000000

—0.020833333
0.000000000

—0.023437500
—0.325520833

—0.002343750
0.468281250

0.000000000
—0.675000000

—0.140625000
—0.041666667

—0.046875000
0.000000000

—0.016666666
—0.337500000

0.001388889
0.590625000

—0.033333333
0.000000000

—0.013563368
—0.364735243

—0.012053571
—0.406349206
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i Ea i ! i
b, 0] 3000000000| g3 | O f—0052083333 | 11§ | O | 0750000000 (1'% |0 |—0.333333333
m'h3,| 0| 0.00000000 rIg:} |0 02500000005 |0 f—0375000000) ['9:5 |0 | 0416666666
s | 0}-—1.000000000y 22, O | 0.000000000 I1'G'3 | O | 0.375000000 [I'%! ;1 O |  0.187500000
rag | 0] 0.300000000) [ f O [—0.062500000 103 51 0 | 0.000000000 | I24%_,l 0 | 0.000000000
g2 | 0 0500000000 1P o} O | 0000000000 | 1'% o} 0 [—0.125000000 | T1'S: 3 5 | O | —0.041666666
nga |0 [—0015625000 1112 o | O | 0.000000000 11} ;| 0} 0.000000000 | [1':% 4 | 0 [ —0.010416667
bl 10| 0000000000 gt | O] 1.500000000 | Il 1 0 | 0.000000000 | 33 | 0 | —0.666666657
mhEo| o 0.000000000) 5L, | 0 | —0.750000000 | 1g:2 5| 0 | —0.125000000 1 IT°0'4 | 0 | —0.325520833
yl,| 0| 5062500000 II'g:3 ;0| 0000000000 194,10 [ —0.041666667 | 1’2 4/ 0 [  0.000000000
mhg [0 2000000000 IG5, | O | 0.000000000 113 5| 0 | —0.083333333 || TI'3r 4 ;1 0 | —0.023437500
mhd 10} 1.000000000) T2, 1 0 | —0.250000000| I1'3:] | 0 | —1.687500000 1'% | 0 | —0.337500000
gy |0 _o.sooooooooin"g;g 0 | —8.375000000 | [1'1>3 | 0 | —0.750000000 "0 % S| 0 | —0.016666667
s lo 0.375000000!! i |0 }--1.000000000] |
i it "

IV. CERTAIN ERRORS IN THE EXPRESSIONS FOR NEWCOMB'S OPERATORS

In 1895, Newcomb published symbolic expressions of operators serving to
expand the perturbation function over the mean anomalies.

The verifications applied to the operators indicated mistakes in the ex-
pressions for operators of the eighth order referring to an outer planet.

These mistakes are the following:

1. 1In operators ﬂ&? ﬂ&i ﬂ&; ;% all the printed signs of the numerical
coefficients in the odd degrees of subscript 2, with the exception of two cases
which will be specially indicated, must be changed to the reverse signs.

2. 1In operator l47456'ﬂ&g in the expression for the coefficient D, the
free term + 5048 must be changed to + 5040.

3. In operator 184320 ﬂ&? (a) in the free term the factor with i - 2832,
must be changed to - 1232; (b) in the coefficient D, the factor with i, - 1656,
must be changed to ~ 2408, and the free term 8656, to 6064.

4. In operator 368640 rﬁﬁt (a) the coefficient D, the factor with i,

+ 198060, must be changed to + 185772, and the free term - 34992, to 76464;

(b) in the coefficient D2 the free term 21964 must be changed to 21944; (c) in
the coefficient D’/ in the factor with i, + 8, the sign need not be changed.

5. 1In operator 10321920 Fﬂﬁ: (a) in a free term with the factor i,
+ 4239088, the sign need not be changed; (b) in the coefficient of D2 the fac-
tor with i%4, + 47130, must be changed to + 47040.
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The table of corrected changes for the operators is given below.

1474561105 =
956i% — 30408 + 13321i4 — 162602 -+ (— 10246 4- 908874 — 21052i% + 5040) D +- (— 256 +
4 443204 — 183862 + 13068) D? + (< 960i+ — 8340i2 + 13132) D3 + (96i+ — 2158i2 -+
+ 6769) Dt + (— 288i% 4- 1960) D= + (— 16i2 + 322) Do + 28 D7 + D~

1843201105 =
— 25608 — 2496{7 — 744048 — 45565 + 4968t — 11098:% — 209962 — 1232i ~ 236 +
+ (— 256i7 — 1280i¢ 4 169605 4+ 12720+ -+ 91 — 273282 — 2408i - 6064) D -+ (4- 128/ + 206455 -+
- 7300i4 + 235i3 — 21231i2 — 914i -+ 16236) D* + (+ 192i5 + 9604 — 1980 — 11310i2
+ 55i 4 16340) D3 + (— 660/3 — 2855:2 - 855/ + 8549) D* + (— 48:3 — 288i* +-445( -+
4 2492) D5 + (— 8i3 + 75 + 398) Dé -+ (+ 4i + 32) D7 4 D~

36864011075 =
25618 - 4992i7 4 38880i% -+ 156328 + 355857+ 4 491126i% + 4495042 -- 266416/ - 65536 +-
+ (- 51247 + 8192¢% + 4934445 4 1411200 4 21050623 4 2092522 + 185772i + 76464) D +
< (4 256i6 -+ 220815 -+ 720i+ — 35230i7 — 86934i2 — 36038 + 21964) Dg + (— 128i> — 2880i+ —
—- 18920i% — 434202 — 176147 -+ 25100) D* - (— 160i+ — 17203 — 4050:* 4 58807 + 18849) D+ -
+ (— 320 4 9602 + 2370i + 5464) D5 + ( +16i2 + 246i -+ 722) D5 + (+ 8i -+ 44) D7 4 D>

12902400108 =
- 256i% — T488i7 — 91280i% — 602532i3 -— 2342872i+ — 54712143 - 7485924i2 — 5512464 — 1679616 -+
+ (— 7687 — 19712i5 — 205856i5 — 1128400i+ — 3496703i3 — 6152384i2 — 5813588/ — 2386512) D -+
+ (— 8965 — 19152i5 — 159040i+ — 648655i3 — 1356663:2 — 1397326/ — 613908) D* +
+ (— 44805 — 6720i* — 31220i3 — 28350i2 + 115157; + 181972) D3 + (+ 1540i3 + 199852 +-
+ 82285i 4 106309) D4 + (+ 1123 + 2016i2 + 11095 + 18844) D5 -+ (+ 56i% + 609i +
+ 1582) DS + (+ 127 4 64) D7 + Ds

103219201135 =
956" - 99847 4 164640 - 14903845 + 8034537i% -+ 261068925 - 49046156i2 - 47239088: --
+ 16777216 -1 (4 1024i7 + 35840is - 52057675 -+ 4045440i% -+ 18031860i3 -+ 456272041 +
1 59755672¢ - 30461872) D 4 (-+ 1792i6 4+ 5510475 - 684880i4 - 4381860i2 + 15119902i2 +
1 26434436i - 18049548) D -+ (- 1792i5 + 47040 -+ 4799203 + 2367820i% + 5615428 +
1-5079116) D3 -+ (4 1120 + 240803 4 188930i2 + 638400 + 779569) D3 - (+ 4483 - 7392i2 +
4 39620; -+ 68712) Do -+ (1122 + 1260 + 3458) D6 + (-+ 16i + 92) D7 + D~
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